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s  dgolfogegls  sdLMEEMGe  dmdbow  gMmMmgdol  (Gersbagdols)
LEAOGOILS s OBsANIOL  FMz5¢0  3OHMBENGTs, Fobgszs  sdols
30logbgdol  (Bensbagdol) dgdebozol 0930 3MHMdEgds x9M 3093
LOHYEYMROO oM sMOL  FqUfogarogno,  Jogoeroms  sdm356900,
MH0ICIdOE 053538009005 BogLsAMGIOL FgamlsligEgmo sObydoL
2508960l s 250M353900L L30MbIdMSB. 53 3m(3569d0L Fotds@gdom
3905939(H9» 9250005, B0l B53LERNOL gmggwfieror®a sbgrwo
MLMBOM EMESMOL 930BMT0sls A @ sBU.

Bsb. 1. 3gdmlisbgemgemo sGbols s§dgbooll 3Gmgglio- a®MbEOl 53mmgds
B30l BLIYHOE6 (Cermrmxuit 2001: 43).

§0obodgdotg  BodMm™MIdo  FgImmoz5HgdME0s  F0IMMIMENIMIO
©9OML  FmBoLFmOMdOL  QobEHM®gdgdo.  gBMOHToMYdsO  Lbgryangdols
303MOM3MWBHo  MIMOHOOL  gegdgbBado  4oImEgderos  ddgd0
30bgMH9dol Gglobodbog dmbmamMogosdo (Cosserat E., Cosserat F. 1898).
IBRMMHIOMYdSO Ubgrengdols 9036 M3MOHYIO 090l
2396300509050 36033690m3z560 {gamowmo dgo@bs dMmogowds dgabog®mas
(Hopamkwuit 1980, Kynpaggze... 1976, Eringen 1999, Huxa6anze 2023...).

29630bomm ds Loa®dol  JozMmM3MEsM¥Eo ©gMMmL gegdgbdo. 0
0999639 Bma s gdmbgzgzsdo dmgdgrgdl dogngdo (bsb.2):
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Xds = mygds

6ob. 2. 8036030 gHmb gugdgbdo.

d —2565Fomgdmamo sE300m30L 39JGHMMO , P® —3899OLYo dsengdo ,
Q- dogo doegdo  39dBHMM0,  OmIgwoi g Roofigdgde:
. 0 = Q181+ 28, + Q385
M — 8095 d5¢gd0l 3mdgbE0,0mm3gwbsg 9J3b Laby
M = M8, + M8, + M3&,,
X = my g —8mEmemmdomo dsws, fi —BmEmemmdoomo dmBgbEo:
=18 + Up8; + ugés.

MoA90  ©gOmL  gengdgbBo  mbolfim®mmdsdos,  sFdoBmd 93543l

HmBsLFMOMdOL M0 399BHMOE0 dobiEHmegds:
dQ + gds + mygds + Y PDsgs —s;)ds =0,
dM + dsé; X § + dsé; X m, g + #5é; x i PO§(s —s;) +dii=0,

Lo0IBs3 id 3 =1
gii ggtitmg+ ) PO —s) =0, @
S d—i +8 %0+, %1y PO&(s —s;) = 0. @)

o 6(s — sl-)dsq)oﬁ)b30b abdzoss. =1

Bogmgoemmom, 63 My, M, M3 @5 Hy, Hp, H3 93963900  0gdmls
09030 Fomol LMoL s AMIBOL (33¢P0EGBOL 3MMEMMEFOWIAO.,
95306 3030090 9943L 396G MeEgdsls:
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My = Ay Gty — 210), My = Azp (0t — #30), M3 = A33(t3 — #30) 5 3)
ty = B11(1 — 210), pa = Baz(3y — #30), p3 = B3z (33 — 30), 4)
boQoE 10 — ©IMML ©0gMIMo FoMolb gMgbs, bowm iy, s #3¢9 —dolbo
LoAMWYIOOS ©IOML M5 IRMOIoMGdME  IEAMIsMIMdIT0;
Aii, Bjj (1, = 1,2,3) — ©g®mb  Lobobggdos @bgolbsl  @s  gmgbolsl,
OmIgd0@3 9923000005 s1g Roghmmon:
A1 =G Axp = Ey, 5 Azz3 = Elx, Q)
Bi1 = aJi; Baz = V)x,y; Asz = Blx,y (6)
bogosa G, E, a, B, v-05bsqnol ot935000 39003039000.
9936036mm, MMmd  (3) s (4) 056sx8sMPMOGO0 BofigHogos 0bgdools
05356 ©09Mdgddo. (1) s (2) 9bFMgdado Fga30dcos Bagfhgmmo mmo
399AMO0 356¢)MmEgdol Lsbom {€;} dsBoldo:

M=a(z-7), i=8(z-7"), (7)
Lo
A1y O 0 By O 0
A=(0 A22 0), B=<0 Bzz O)
0 0 Az 0 0 Bsj

Ho 399B™O0 dEgdmmos {6y} dsboldo:
Ho = H10€10 + H20€20 + H30€30,

090Lsm30lL, MM 303m3mm ¥#; LOIGYIEOL BsBOHEOL I60d3z67MMdYdO,
Mbs Bogmzsemmm, Mmd ﬁgl)ggj@)mﬁm ©IOML EIBMOHI>300LsL MHRYDdS
73390 {€;} d5BobYo. 53 9dmbgzngsdo:

7‘?(()1) = #1081 + #2063 + #3083,

Bogffomor  asbBHMmEgdgd0, GMAgdOE ¥  -U ©s935380MgdL (€}
©9MIgdOL  IMdOMBJOOL  3Mobggdmb.  Lsdfobbogol  gMdgdol
239Q55A0GOOLL  WIMAGBO  FMBdOMBEYds 30M356YE0  FYdSMYMBOL
003500 91,9,,93  3Mobggdom s 85000 IEgdMYMdS godmolobgds 53
300900l Lodeegdom. 530l as8m # 39dBHMM0E, HMBgeog Sbalosmgdl
09MAdOL  FYdIMYMBIOL  330gdL,  As3MmOLsbgds 93 3Mmbggdols
L53M5egdOm. 30B5MHYRGOMMD MOBSGBIMIOMdGOOM:

& = tijjo, o = Lkj€.

95806 dogz0mgdom: dé, )
ds €kjij€r
Boo3 €k @930-Pogo@ol  LoddMEMD: €;jk=+1, vy gzgws 0bgduo
96Lb35390)wos @ JAbol @y 5BoE3wIBN, €jjr=-1, DY) y3gwd
0bgduo  goBlbgoggdos s gabol 396¢) o@obs33aRdLL, €;jk=0, ¢
™Mo 35063 0bgdbo Gmwos.
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#j LooEIgdo  V1,0,,93  3oobggdol Lodmeagdoo  godmolobgds
99900920  39dAHMOM@O  BMOINEOL  Bsdewgdoo (g BMEOIME9dO
55300 gdom godmyzsboenos bsddmddo (Crernumkmii 2001: 43):

dy
=L+ LAY, (A = 208), (8)

91 cost,cos9; 0 —sind, do 9’y
Y= (1.92),[41 = ( —Sin193 1 0 ) , —_— = 7.9,2

93 sind,cos¥93 0  cos?, 9’3

as
T~ @030@)®0 Fomdmgdeyeos.

350m3093956mo  ©gMdmo  Fomols  FgmEowols P RN el Xelugytelelt
39dA™M0L  496BMEgdgd0. MMM (36Mdow0s, MY3oMdOL  iMgog
303MOM3MMHe MYMEOH05d0 303MMBIFows30L FMEMEMdS o 0(33¢9ds,
090 d¥Bogl FMEMEMdOL (33¢0wgdol otdg (Opunren 1978: 646-650).

5303 ™3 d9a30d¢0s o3hgMH™Mon:
3
ﬁ=77—7-')0 (17=Zui*izui*i>
i=1
50 BME®dOL 4oFoMTMGO00 30dIMI:
€i0-05%0bol 9HMGME™3560 39JBHMOIV0s VIMML SMSIBMOIOMYOYE
9 M350gMdSJ0.
30030m, M3 MMl 50M5IBMMI0MGOMO 9aMB5MHYMds
@BmdOwos, Mg 005l BodBagl, ®md  3bmdowos  Hy  3odBHm®o,
800560930l 3MobMLgdo s LY Bs@GHMoEs, Hmdgmog 9353806092l
{10} 5BobL {i;} BsBOLoE:

€o="~ ?ji)j'
LogsE3 {’?j Fom3mo96L L2 85@®0oiol 9emqdgb@gdl, Gmdgmbsg sdal bsbg:

c0s9? costysindzcosd; + cosd;sind;sind; —

+sin9?sing} —sind9cos9?
L= —sindd cos9?cos9? cos99sin9? ,
sindcoso sinddsin92cos9 —  sin9sindJsin9? +
—cos9dsin9? +cos93cos??
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053530609005 MobITSMHOMDYdOm:
é =485 (€0 ="1i6),
Lo ;i M0 L 35¢®0oEol gargdgb@gdo:
cosV,sindzcos9, + cosd,sin;sind; —

cosVY,cosVY ; ; .
2 3 +sind,sind, —sinY,cos9,
L= —sind; c059,€0595 cos93sind;
, sing,sindzcos9, — sind,sind;sind, +
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09030 FoMol FaMEH0mgdol 4599 A0MGIGIO.

3wollogMmMo  gMmgdols dgdmbggzsdo gl 9dmEebgdo  goofiy3z9@ 0o
B596m3gddo:  s6gobos... 2021, sMdsbos... 2022 3036OHM3MWOHIO
0gMOHO0L A535¢oLHobgd0m, Fglsdsdolo sdm3sbgdol sdmblbol d9dqgy
d9Lsdegdge0s  OEANBEIL  B0ZOMBMEIMMMBOL 493w 9bs  gMmUs
533Dy, 9@ dognggdbg s LodGH30EgBY.

WoGIOG YOS

5695605, BmEsd0. brms®, dsMoegodzogro. 2022, ,Lombolb oas s AstMg
65390090356 MON0GOHMINGIgEo  BLMmEEMs  dmdboero
30logbols  450bASM0TGOOL  SEIMOOMNT0C 32520 99000l
bsbgerdpoae #9b0396L0B G0l dmsddy, Ne1(19), 2022: 119-131.

5095605, BMMd0. Brmgs®, Fotmswgodgowo. 2021. ,,359600L 56 Loombols
Bo3odo 8mmogLgdMEo  SdBLMEMEMMe© dmdboo dolsgbgdols
LodBH3oEol  Fgxoligds”, 33930 Patgorerol  bsbgerdpogyen
2960396b0A9H0b Imsddy, Ne1(17), 2021: 144-150.

Arkania, Z.M. A.G., Badzgaradze. 2008. ,,About the method of calculation of
hoses loaded concentrated forces" //Int. ]J. Problems Of Mechanic, N°2(31),
2008: 72-76.

Eringen, A.C. 1999. Microcontinuum Field Theories, 1. Foundation and solids-
Verlag. N.Y.

Cosserat, E. Cosserat, F. 1898. Sur les equations de Ia teorle de lelastisite C. R.
Acad. Sci., Paris (in French).

239



93540 FaHANLOL LsbILTETNBM ‘T6N3IALNGISN A1NS83I, 2024, No2(24)

Apxanma, 3. M. 1987. ,,CraTuka LIJIaHTOB, 3aIIOJTHEHHBIX ITIOTOKOM BS3KOH
KUAKOCTH U HArpPy>XeHHBIX COCpefOoTOYeHHBIMM cuiaamu'. M3, Bys.
Mamurocrpoerne, N°4, 1987: 11-15.

Apxanusa, 3. U., Carmuagze. 2003. ,,O6 oieHKe IPOYHOCTH UIIAHTOB'.
IIpo6emsr npurragrof mexarnkn. Nel (10), 2003: 100-103.

Apxanma, 3. H.,, Mapgarenmsuin. 2019. ,,Pacyer abcomroTHO TrubKux
CTep>KHel, Harpy>KeHHBIX COCPEOTOYEHHBIMY CHUJIAMU B IIOTOKE BO3[yXa
WIU XUAKOCTU'. BecTHHK MOCKOBCKOrO yHHBEDPCHTETd. MaTeMaTHKa,
MexaHHKa, cepus 1, Ne4, 2019: 58-62.

Bapsrapagze, A. 1985: , Kosnebanus abcomoTHO MOKOTO CTEPXKHS B IIOTOKE
XMIKOCTH BBI3BaHHbIe cuiamMu Kapmawa', uss. BY3. Mamurocrpoerme,
Ne5, 1985: 73-77.

Kymnpagse, B. [I., I'eremua. T.I'., bBamaneunrsunu. M.O. Bypuynanze, T. B. 1976.
Tpexmeprme  3azayd  MaTeMaTHYeCKOH  TeOpHH  VIPYTOCTH  H
repmoynpyrocra. M. «Hayxka».

Hosanxutt, B. 1980. Teoprsg ynpyrocra, M: «Mup».

Huxabanze, M. 2023, Paszpurme MmeToza OpTOrOHAJBHEIX IIOJIHHOMOB B
MexXaHHKe MHKPOIO/IAPHBIX H KJIACCHIeCKHX YIPYTHX TOHKHX Tel. M.:
M3]].-BO MOCKOBCKOT'O yH-Ta.

Ceernunkuii, B. 2001. Mexarmnka abcorforro rubkux crepxxaer, M.: V3n-Bo
MAMWN.

Ceermuukuii, B. 3., Mupomnuk. B., Kyzpun. 1972. ,,Onpenenenue ¢opmsr
CTAIlMOHAPHOTO IBIDKEHWS HWUTH B CpeflaX PpasJIMYHON BSI3KOCTH'.
Ilpuxiragmas Mexarnka, T. 8, Bemn. 4, AH CCCP, 1972: 100-104.

Ceernmuukuii, B. 1978. Mexannka rumbkmx crepxxHeri wu HuTeH. M.:
MamwuHOCTpoeHuUe.

Ceernmunkuii, B. 1982. Mexannka 1pybonposogoB wm mrranrop. M.:
MamwuHocTpoeHuUe.

Ceermuuxuii, B. 1987. Mexarnmra crepxmedi, dacte 1-Cratuka. Mexarnmka

crep>xHed, yacts 2-Ilunamuka. M.:»Beicuras mxosa».

240



%. o6 Jobos, b. JobomgoTgogmo

Mechanics of Materials
The equilibrium equations for the micropolar rod
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The vector equilibrium equations for the micropolar rod have been derived. The results
of solving the obtained equations will enable us to determine the internal forces generated in
the micropolar rod and then assess the rod strength. After solving the relevant problems, it

is possible to determine the influence of micropolarity on the shape and strength of the rod.

Keywords: micropolar rod; internal force; couple stress; equilibrium equation.

Rods have found wide application in various fields of technology,
especially in building structures, and various types of machinery and
equipment. The evolution of technology required the development of new
tasks in the mechanics of rods.

When designing the rods, pipelines, and hoses, the length of which is
significantly greater than the diameter of the cross-section, the flexural
stiffness and torsional stiffness can be neglected. We can use the model of
completely flexible rods since, with this assumption, the error does not exceed
(5-7) % (Svetlitsky 1982). Prof. V.A. Svetlitsky and his students worked
intensively in the mechanics of completely flexible rods (pipelines) (Svetlitsky
1972, Svetlitsky 2001, Svetlitsky 1982, Saginadze 1983, Badzgaradze 1984,
Sulaberidze 1983, Arkania 2008, Arkania 2019). They studied many problems
of the statics and dynamics of absolutely flexible rods (hose), but despite this,
many problems of the mechanics of pipelines (hoses) have not yet been fully
explored, for example, problems related to the cleaning and dredging of harbor
entrance channels. A successful solution to these problems will generate
thousands of dollars in savings, for example, for the port of Poti.
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Fig. 1. Inlet channel cleaning process- Removing soil from the seabed
(Svetlitsky 2001: 43).

In this paper, we propose the equilibrium equations of the micropolar rod.
Elements of the micropolar theory of deformable bodies are presented in an
excellent monograph by the Cosserat brothers (Cosserat E., Cosserat F. 1898).

Consider a micropolar rod element of length ds. This element is usually

acted upon by forces (Fig. 2):

xz A

Xds = mygds

X3
Fig.2. Element of the micropolar rod.
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G — vector of distributed load; P® — concentrated forces, Q — the vector
which will be written as follows:

Q = Q61 + Q26; + Q363,

M — the moment of the internal forces appears as follows
M = Mlé)l + Mzéz + M3é3,

of  internal forces,

= m, g — volume force, (i - volume moment:

X
=€) + Uaé; + psés.
Since the rod element is in equilibrium, we have two vector equations of
equilibrium:
3
40 + Gds + mygds + z BOs(s —s;)ds = 0,
i=1
3
AV + dsé, x O + dsé, x m,§ + dsé, x 2 BOs(s —s,) +dii =0,
i=1
from which

w

dM  dji S .
e xd+é, xZP(Oa(s—si) =0. 2

_ —

ds ds -
Here &(s —s;) is the Dirac function.
Assuming that the moments M;, M,, M3, and p,, i1, 3 are proportional to
the change in the rod centerline curvature and twist, we obtain six equations:
My = Ay Gty — 210), My = Agp (0t — #30), M3 = A3g3(3t3 — #30) ; 3)
ty = B11(1 — 210), pa = Baz(y — #30), ph3 = B3z (33 — 3), (4)

where 3,7 — the rod centerline twist, while #,, and 33, are its curvatures in
the undeformed state of the rod; A;;, Bjj (i,j = 1,2,3) — bending and torsional
stiffness, which can be written as follows:
A1 =G Axp = E]y, 5 Azz = Ely,,; Q)
Bi1 = afy; Baz = Ulx,y; Aszz = Blx,, (6)

where G, E, a, B, v- the elastic constants of the material.
Note that ratios (3) and (4) are written as the main axes of inertia.

Equations (1) and (2) can be written as two vector equations in the basis {€;}:
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M=a(-#") i=8(x-#") (7
where
A, O 0 B;; O 0
A=<0 A22 0), B=<0 Bzz 0)
0 0 Ass 0 0 Bj3

Vector #, is given in the basis {€;,}:
Ho = H10€10 + H20€20 + *30€30,

In order to find the values of the curvature growth ;, we must assume
that the vector }?(()1) remains unchanged in the basis {€;} under deformation of
the rod. In that event:

7?(()1) = 21061 + #2085 + #3085,

Let us write the equations that will connect »; with the rotation angles of
axes {€;}. When moving the axes of a tripod, the axes are rotated relative to
their original location at angles 9;,19,,33, and their location is expressed by
means of these angles. Because of this, the vector #, which characterizes the
change in the location of the axes, is also expressed by means of these angles.
Let us use the ratios:

€ =4ij€o,  €jo = Lkj€j.
then we obtain:
dé; .
s = kil
where €;j; is the Levi-Civita symbol: €;,=+1, if all indices are different and
form an even shift; €;,=-1, if all indices are different and form an odd shift;
€ijx=0, if at least two indices are equal.

The values of ; through the angles 9;,19,,93 are expressed by means of

the following vector formula (these formulas are detailed in the paper
Mechanics of the completely flexible rods, Svetlitsky 2001:43)

- d~‘,9 (1 (1 -

"= L1$+ L%(() ), (%(() ) = xjoej), )
94 cos9,cos9; 0 —sind, do 9’4

Y= (192>,L1 = ( —Sinl93 1 0 ) , —_— = 19,2
3 sind,cos¥; 0  cosd,

do . ..
o T isa local derivative.
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Derive the equations for the displacement vector of the centerline point.
As is known, in the micropolar linear elastic theory, the volume of the
microparticle does not change, it rotates without changing the volume
(Eringen 1978: 646-650).

So we can write
3

i=F—% (@ =Zu-7 = @,
i=1
By derivation of this equality, we shall obtain
du di dry
= _%_z_z 9
ds _ds ds o @)

are unit vectors of the basis€;, in a non-deformed state of the rod.

~

We assume that a non-deformed state of the rod is known, which means
that there are also known the vector #,, the direction cosines, and the
matrix L connecting the basis {€;} to the basis {7 }:

€io =7 ?j?j»
where {’?j represents the lements of the matrix L° which appears as follows:

cos9dsin92cos9? + cos9Isindlsin9? —

0
cosd, . . .
+sind?siny? —sin9¥dcos9?
L°=] —sindd cost9cos9? cos99sind? ,
0 o SinddsinddcosI) —  sind3sin93sin9y +
sind; cosy3 0 a0 o 0
—cosY;sind; +cos¥;cost;

while unit vectors €; are connected with vectors €;, by means of the ratios as
follows:
& =1ti;€j0 (o = £y€),
where #;; — the elements of the matrix L:
c0sV9,sinY3c0s9, + cosY,sind;sind; —

cosVY,costY ; ; .
2 3 +sind,sind, —sind,cos9,;
L= —sinds c0sVY,c0sU3 c0s93sind,
, sind,sindzcos9, — sind,sind;sind; +
sind,cos9; :
—co0sY,sind, +cosV9,c0s59;

The resulting equation allows for the calculation of the displacements of
the centerline points.

In the case of traditional rods, these problems have been solved in the
papers: Arkania...2021, Arkania... 2022. After solving the relevant problems
taking into account the micropolar theory, it is possible to determine the
influence of micropolarity on the rod shape, axial forces, and strength.

245



