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Mechanics of Materials

Dynamics of a thick-walled pipe under pressure
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Mukhran Sharabidze

Akaki Tsereteli State University

Kutaisi, Georgia
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The dynamics of a thick-walled pipe of constant thickness under the action of pressure
is discussed. The issues of strength and stiffness calculation under the action of equal dy-
namic pressure along the length of the pipe are studied. The equation of the axisymmetric
movement of the pipe is obtained, which is solved numerically in the mathematical editor
Mathcad. By solving the partial differential equation and analyzing the obtained results, the
time-varying radial displacement and stress components are determined. The dynamicity co-
efficient was defined.

Keywords: thick-walled pipe; equation of motion; numerical solution; stress; displace-
ment; strain; pressure.
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Basic equations of the axisymmetric problem. Let us consider the design
scheme of a thick-walled pipe with time-variable pressure. A homogeneous
body of a cylindrical shape is loaded in some way so that the external load is
axisymmetric and does not change along the axis of the pipe.

Assume that the length of the cylinder is large and the edges do not
significantly affect the stress-strain state of its central part. During the
deformation of the cylinder, each point experiences certain displacements.
Due to the symmetry condition, these displacements will obviously occur in a
radial plane, and the point can be displaced along the radius. We denote the
radial displacement of every point by u. Radial displacement is a function of
radius and time u = u(r, t).The stress state is flat. Normal stresses are induced
in radial and circular directions oy, 0.

The differential equation of motion of an elementary volume of unit
thickness has the form as follows:
where p is the density of the material.

Strain components in the radial and circular directions are determined by

the formulas:

ou u
= -_ = - 2
gT or’ St r’ ( )
Stress components are determined by the formulas:
E (0du u E u ou
= — — — pd i 4
Or 1—pu? (ar tu r)' Ot 1-u? (r tu or ( )

Taking account of the ratios (4), the differential equation of motion takes

the following form:

o (Pu 10u_u 5)
u= (a-u?)p (61‘2 + ror rz)

Boundary conditions: r =1, 0, = —p; 1 =71, 0, = 0. Under the action of

internal pressure:
r=r1y 0,=0, r=r1;, 0, =—p — under the action of external pressure.
In view of the ratios (4), the boundary conditions under the action of internal

pressure can be written as:
_ ou _ u p 24, _ ou _ u (6)
r=To, ar ‘uro E(1 w); =1, ar ‘url

Initial conditions:
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u(r,0) = f(r), u(r,0)=fi(r). (7
A static solution has the following form (Valishvili):
e = 2 [ —pr + A+ 2 8)
RG] el w5l

Numerical solution. For the numerical solution of partial differential

equation (5), let us introduce dimensionless quantities:

_r _ u _ p r E " _ Ort
r=—, u=—, =—, = |—t, O, ., — ——
o o P=E pr? "TE

The partial differential equation of motion (5) in the dimensionless
quantities takes the following form:

ou_ _1 (52_’7 1E_£) 9)
Atz — (1-pu)\or2 | FoF 72

Boundary conditions in dimensionless quantities can be written as follows:

F=—uZ-p-p?), F=f  SE=—ul T=1 (10)

We use the method of straight lines for the numerical solution of the
differential equation (9). To do this, divide the area of the pipe along the radius
into small segments and replace the derivatives on the right side of the

equation with respect to the radius by analogs with finite differences:

0°U  Tyyy — 20U + Ujy 0u Uy —U—1 12 N
— = — ) __ = —— ) l = ) ) ="
o072 A 72 or 207
... . _ -8 _
where N — the number of the division points, A7 = 1 <1, <1, 6= :—0
- 1

In this case, the initial-boundary problem (10) with boundary conditions is
reduced to the Cauchy problem for the variables with respect to the division

points u;, wi:

Wi _
dt v
dw; 1 (Wiyq =20 + Wig T Uyq —Umg T
dt ~ 1—u? AF? T, 207 72

The boundary conditions for the division points (under the action of

internal pressure):
. = _[Hd )
i=1  Uj_q =Uyq+ 247 T"‘P(l—ﬂ )|,
i=N, T =U;_q — 2uAFi;. (13)
Initial conditions:

t=0, w=fF), w=/f) (14)
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Using the ratios (11), the dimensionless values of stress components at the
division points are determined at any given time.
1 (ﬁi+1 — U1 n ME) 5. = 1 (E #ﬁi+1 — ﬁi—1)
1—p? 20T 7 BT —p2\7 207
The system of equations (12) with initial conditions (14) was solved using

Ori =

the mathematical editor Mathcad (Kiryanov D.V. Tutorial). The built-in
function pdesolve was used.

Numerical calculations have been performed for the following values:
u(r,ty) =p, w, =0, u=0.3, p=0.0003. Fig. 1 - Fig. 3 illustrate the results
of the numerical calculation.

Fig. 4 - Fig. 6 show the results of the numerical calculation for the case
when pressure changes according to the sinusoidal harmonic law: &(7,t,) =
0,i(F,t,) = 0, u = 0.3, p = 0.0003 sin(10¢).

Static displacement on the inner surface, according to the formula (8), is equal
to: Us; = 0.987 p = 2.961 » 10™*. Figures 1 and 3 illustrate that numerically,
the maximum displacement on the inner surface is equal to % = 4.15107*.

Accordingly, the dynamicity coefficient is equal to k; = U /uy = 1.4
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