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+o0
2(1 —la,D) < +oo.
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@. 35806 ymzggero z -bsmgzol, z € D §3543L

00 !
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The paper establishes sufficient conditions for Bliashke-Djerbashyan Canonical prod-
uct, in order to have limited chordal variation.

Keywords: Canonical product of Blaschke—Djerbashyan, chordal variation.

For the beginning, we have some definitions:

C - the Field of complex numbers.

D = {z:|z| < 1,z € C} - Unit disk.

Vo (eie) — Stolz Angle, is an angle equal to 2¢,0 < ¢ < m/2 and is formed
by two chords that come out of the point e radius [0; eig] is bisector, 0 <
o <m/2.

Ap(e®,z) ={z:|z—e¥| <1-1r, 0<r<1,zeC}nVyp(e?) -
triangular neighborhood of the e point.

By M denote the closure of of the set M.

The limit Zl_i)r;}19 f(z) = Zl:i)rerge f(2) is the angular boundary value of the

zevp(el?)
function f in the e point.

Blaschke Product plays an important role in the study of boundary values of
the analytic function in the unit disk (Blaschke W, ... 1915).
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8. 0gmgddg, m. mgmgadg, 0. mgdmmdg, . (30d8dg

1—[“’ la,|  ay, 1—[ _1—a,l?
B ) = - - )
(z (an) = 2 a, 1- @z |an| 1— apz

n=1

where A + 1 is natural number, 0 < |a,| < |ap+1] < 1, lim |a,| =1,
n—oo

i(l‘ anl) < +oo

in case, when X} (1— |an|) = 400, there are different generalizations of
Blaschke Product (Picard E. ... 1926, Ixepbauran, M. ...1945, 1948, 1961,
TerBazgze, I'. ... 1980, Tsuji, ... 1955).

Canonical product of Blaschke - Djerbashyan (>xep6amrsa M. M., 1945)

L e

P k
1—|a,|? 1 (1—|a,|?
— ,1| | _ n E (P
BP(ZJ (an)) =z <1 1-— —anz> exp( k ( 1— _anZ
n=1 k=1

is particular case of Djerbashyan product (Ixep6amss M. M., 1948), where A +
1 and p natural numbers |z| < 1,
0 <|lau| = laps1l <1, lim|a,| =1,
n—-o0o

+ o0 +oo
D= lanl)? = +00, (1= laz))P** < +oo
n=1 n=1

Infinite product Bp(z, (a,)) is unifomly and absolutely convergent inside of the
open unit disk, and represents analytic function with zeros
0,0,..0,ay ay,... ay ...

A
Rudin (Rudin, 1955) showed that the
+00
1—|a
# < +o0 (1)
| gt =~ an|
n=1
is sufficient for the Bliashke product B(Z, (an)) to have a finite radial variation

at the point e, i.e. the radius passing through the point e is reflected

linearly in the circle. Cargo (Cargo G. T., 1962) discovered that condition (1) is
necessary and sufficient for the product B(z, (a,)) and all its subsets to have a
finite chordal variation at the point e'® ie. The section [a, eig], lal < 1 is
linearly reflected in the circle.

Ahern and Clark (Ahern & Clark, 1971) proved that

- |an| 2
|319_a|k+1<+oo ()

is necessary and sufficient condition for the product B(Z, (an)) and all its

k7 order derivatives to have a radial limit at the point e‘®. Protas
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(Protas, 1972) proved that condition (2) is necessary and sufficient condition for
the product B (Z (an)) and all its multipliers’ k%7 order derivatives to have a
radial limit at the point e®¢.

Lemma 1. If 0<layl < laps1l <1 (n=1,2,...), lim|a,| =1,
n—oo

Yre (1 —la,DF =+, ¥i2(1—la,|)P < +o0,P— and A+ 1 are natural
numbers, D c D is open set and D N {0, a4, a,, ...} = @. Therefore, for every z,
z€D

< (z,a,)—1

/1 + o0 , e n a
B1'J+1(Z, (an)) = BP+1(Z, (an)) <E+ Z ' (z,ay) <™ (z,a )>’

n=1

1_|an|2
where « (z,a,) = g
—HUn

Proof: Denote
2 P 2\ K
1-1a nl 1(1—|a,|
A(z an) = C1-—a,z ZE 1—a,z ’
n

P
A(z,a,) = (1—x (z,a,))exp Z%oc" (z,ay) |

k=1
Then obviously
+00
BP+1(Z: (an)) = z* l_[ A(z, ap).
n=1
when z € D,
+00 +00
, _ Bpy1(2z (an))
Bpia (2 (an) = 2227 | [AGa) + ) % A'(z,a,) =
n=1 n=1 ! n
+0
A A'(z,a,;)
BP+1(Z; (an)) <E sk A(Z—an)> 3)
n=1 PET

It is obvious, that

A'(z,a,) = —' (z,a,)exp «<' (z,a,) |+

[~
&=

&
1l

1

P P
1
+(1—x (z,a,))exp Z = «' (z,a,) | X Z & (zya, ) & (zay, )
k=1

k=1

According to equality above

| =

P
A'(z,a,) =’ (z,a,)exp Z

2 & (@ an)

( 1+Zock 1(zan)—zo<k(zan)>

230



8. m9mzddg, . ogmgddg, 0. ogsmmdg, . (3003dg

1
=~ (z,a) exp| ) Lok (7,0) | <" (2,0,)

k=1
&' (z,a,) x™ (z,a,)
a x (z,a,)
According to the last equality and (3)

/1 + 00 , a, n -
Bf>+1(z, (an)) = BP+1(Z, (an)) (E+ z «' (z,a,) <™ (z,a )).

x (z,a,) — 1

Az, a,).

n=1
This proves the Lemma 1.

Cargo (Cargo G. T., 1963) proved the following:

Lemma 2. If|a|<1be¢1y—b(1 ) , then

j (1+|a|) 11— ab|
[1— yzlz_ .n(1+|a|) 1-b "

Lemma 3. If z=2z(r)=a+ (1 —a)r, (a) <1,0<r <1, then exist such
M > 0 number, that when a # a,, is proved

1
0(’ (Z' an) 12
= . = =
In f -« (z,an)| (Mdr=M,(n=12,..
0
Proof:
" ( ) 1 (11Lan|2)
' (z, X (zan) |, _ i ! =
f 1-o (z,a,) |z’ (r)|dr —f — la|? e )ldr=
0 1 e
1—a,z
1 Lanlz
[I= - aldr = |1 L
—alar = - a_ r
an(z—an) Z_an“l_anZ|
o lT 1-a,z
E.IL
z(r) —a dr
— 2 - n ! <
(1 |an| )(1 a)f anz(‘)") |Z(r) - anlz B
: d
r
<(1- 2 - -
< (1 |yl )(1 a)f la + (1 —a)r —ay,l|?
0
1
_(-laP)a-a [ dr @
= |a_an|2 |1+1_a 2"
0 a—anr
Denote
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1
1-a g,d—® ;
Yn = _ - 1 . ()
4=y a——a

From (4) and (5)

1.
: <(1—|an|2)(1—a)f dr
" [ — @y]? 0|1+Vnrl2

Therefore, according to the Lemma 2

. a
(1-laP)i-a) Fa+lad [1-g
e P N 'M1+MDW1‘A4_
sSin——o— a,
<2(1—|an|2)(1—a)_ n(1+|a) la, —al
- la —ay|? Sinn(l;lal) la, — 1]
27T|1 + |a||
< .(6)
. (14 |al)
|a—an|smT

If we denote min{|a — a,|} = b , then according to (6)
27T|1 + |a||

< b+ 1ap = M@
sin———=
The Lemma 3 is proved.
Theorem: If
+00
Z 1_—|an| o < 400 (7)
| il — anl
n=1

Then Blaschke-Djerbahian canonical product has finite cordal variation in
e'® point.
Proof. Without restricting the generalization, it can be considered that 6 =

0. The equation of the section between U a and z = 1 points is
zr)=a+ {1 —-a)r 0<r<1
In order to prove the Theorem, we need to demonstrate that

1
[ 1B 10, @) 12 ) ldr < 4o ®)
0
According to the (7)
lim —— " = 0,

Therefore, there is triangle area A,(1,z0) ={z:|lz— 1| <1p—1, 0<1r; <1,
z € C} NV, (1) of the point z = 19 such, that

A(p(l, ro) n {al, az, } = ¢ (9)
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The angle ¢ can be chosen in such a way that a € V,,(1) is the Stolz angle, so

the section [a, 1] connecting the points a and z = 1 [a,1] completely belongs to
the anglel,, (1). sObviously, there is point b € [a, 1], such that b € A,(1,7).

f |Bb1 (2(r), () |12/ (P)ldr dr = f |Bb11 (2(r), () |12/ ()ldr dr +
0 0

1
+ [1Bhaa G0, @)lI () lar-

In the equation above Bp,;(z, (a,) ) is continuous function in the circle and
z < 1y, therefore it is obvious that the first summand is the finite number and

in order to prove the Theorem it is sufficient to demonstrate that
f|BI’>+1(z(r), (an))| dr + co. (10)
2

Because of the Theorem 1 we can choose such ¢ and 1y, that Bp+1(Z, (an))
is continuous function on the triangle area A,(1,7;). Consequently, it will be
limited on this area by the number M; > 0.

Because of the Lemma 1

A
Bp+1(z, (an) ) = Bp+1(Z, (an)) <TO +

Therefore

1O (28, < (2,0,
By (2 (an)] SM1(70+;'°< ( an) o (2, @ )'>. an

<’ (z,a,) <™ (z, an)>

* (z,a,)—1

|1—cc (2, ap)|
The article (Tetvadze, Tetvadze, & Tsibadze, 2021) demonstrated that, for
the Theorem’s conditions there is N natural number, such that
1—|a,|?
11— anz|
From (11) and (12), when z € m

<qg<l, z € Ay(1,79), (12)

+oo ’
|o<’ (z,a,) <" (z,ay)]
|1—0C (Z! an)l

A
|Bp+1(2 (an))| < My (To T+

n=1
o (zan)|
2 Z (13)
I1— (z,a)l )
Because of the Lemma 3, exists such M > 0 number, that

F 1o (2(r), ap)l .
) 1= G0, an)

From (13) and (14)

r <M. (14)
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Bh+1(2(r), (an))|

1O o™ (2(r), an) & (2,a,)]
<M, (70 + ; [1—o (z(r), an)l

N I 0, ay)
* Z" - (z(r),ann) =

1 N
A q*M
<M, — o E + < 4o
r —_—
0 1-¢q
To n=1

The Theorem is proved.

™ (2(r), an) <’ (z,an)
1—oc (z(r), az)
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