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9 Md569gMdOL 296EHMgdoL 356539BHMYO0.

093900  GHoboL  ImgEool 53900 [omdmgdl  2obbms©gdmEo
959053 039M0  dmEgwol bsxmdzguwbHg, OHmEs doboeol bosfowrszo oM
3obobogds MMaMmOE BoBHgMosMMo  FgMGowo, Mm99  obobowgds,
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O0aMO3 BOM  Oowo  Mdogddo,  doboFgdmwo  mz0lLmdgd0m,
OmIwgdog  s0hgMgb  TsLogrol  (Jumgool)  JozOmULEGMWYIGHEOL. o0
9ol BsMAwgddo Gsbol Fgdsagbgro gmgzgao dozmmbsforszo
SOV gdl BoBMZ96 o500 qdsl, dEIMBbsgl s Jabol gaGmgmHimgd e
30360 M3M@WsMm  5MgL. J03OMIMEWIOME 50900  Fom3zseoliffobgdwos
Bofoars3gdol d3mvbgomo MOM0gmmddggds s 3983900l B3gMEgdMHO3
390mb  ghmo  sMLYdMdY6, sg3y, d¥MMBl00 MMPOIMHNIIYEIOIL6
05353006900 dmIgbEHOO dsd3900.

©693500M00L, 3eoliG03OmMIOL, (3ME35EMIOL 3EOLO3MOO MYMEOH0YOO
983Mdbgd0sh  49Mgdmb  0©YIwoboMmgdME  ImEgl,  OHmIgedos
©5G3060m30L 3530060 HJ30MHOL MO39 TboMgl s00fjgmgds FbMEwmE
0053500 39JGHMM0m. 50 ©I39d5L 803949350 LOIGGHOOM OIS~
©98MMHI0MGIM  dyMIsMgMd59©Y. gu IMPIWO 39O  JIsboYds
99b3960d96FgdL, Bo@o6dmals Lo3mbLEGHOMJsom dobogdbY.
96038369c0m3560 256Lb3539d5 Fo®dM0T3905 00 90mbg935d0, HMEs SOLYIOOS
3503990l gM5096FH0. MmbbIMgds MgMEOsLS s 9Ju3gMH0dg6EL dmEol
§o63m0039d5 00 9gdmbgz935803, MM3S 8909390Dg G0 MmdEs© dmJdggdls
9obdeol 30 3OMLEHMMIGHOS. LOTYGHMOEO MY 153d5MOLO LOBMLEHO M
56 50fgML 8m3wm9bgdl, MHMIWGILS3 SAOWO 59d3L oM 33w M350 obowrgddo,
30003600LEGNO bGHOMJGHOHJddo ©s 3mwodymgddo (Hopauxwmit 1975,
Epemees 1999).

LodgBHMOMWo MYNOOOL gl bsgero Jgodwrgds godmbmemgl vy Gsbols
©98MOI0MJd0L IMYL 93594930 ©IZ39d0m, MM OGZOMOM3s bbgwmarol
D9053060L gargdgbBHol mMogzg dbsMGL 4993900 9 BoMGHM FNO35CI0
399EH™O0m, 55939 93500 IMIGBEGH0m. S1Ym 5I39d5L B0394sz35M™ Lbgreol
9w9396@0L  9egdgb@BoMe dmEErmdsdo Mo dsmEGHm dsdgzgdol (force-
stresses) o; , 51939 dmIIBAHYIOO dsd3900L (couple-stresses) ; ImgdgYds3Y
©d BMRod©, 0; @ K HYPBMOIO ML EHOOnwo GHIEbmOIdos
(HoBauxkuii 1975).

3M5L039xBHMOMO  EEMY39MIOL DBMASO MYMOmOS T93MTog90 0dbs
dd900 3mbgm9dol J0ge. EY35MdOL 30 3LIMH MYMOOST0 FoGIMHOSWIMHO
Bofoamsgo 9dmbgazs HodGHowl, bmwm ©gnm®Iomgdmwo dEymdsMgmds
5009935 H9OGH0WOL 25055 PO0WGdIOm. 53 dMEYE0LORSE goblbgsgzgdom,
30bgmHgd0l  MgM©0sdo  IBMOT0MGdIMo  Bbgmwols gymzger bsforsgls
Mmobogdgb  MmOMMYMborm®  LsdFobbogl.  glsdsdobo,  Ymzgwro
Bofoarszo fomdmoaqbl dzodyg, sdLMEMEBHMGsE dgs® Lbgmeb. sugmo
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25Mgdml  gBRMMTo30d  SOfgMgos 9O FIMGHM 2O YOWGOOL U
399&H™MMom, sbgzg  dMMb3z0L @  399H™Oom. 3™Md0-39d3mer 3ol
mgmmgdols  mobobds,  goMgdml  MLsbEOMEemE  dgoMg  FoM3ErobL
GaoEHowgdol LoRds®q 1, (u,- O, FaOEH0wol LoBJs®g) EHM0s 25dEBMO
909M5mMdoL LoBds®ob 2, (1, -05633wob O 39630l LoBdsmy), Bofowszol,
GHMOG SBLMEEHMEGIE bolEOL dG¥B3000 FMAGSMBOL BLORJSGOL U 6. =
@ % P 5 LYBMS EIBMOI3G00L LORJSOOL 1, KSTOL: U =1, +U b6+ U, .

2963L5BO3Mgo  Q9BFHMEGdId0  dBEBHMYIOEO oM gdmbomzols
Bo0f9M90s 9090 Lsboom:
o; =2Gy,, +2ay,. + ﬂ’ykkaij +207 4 + 267 s »

(1)

;= 2HK(1‘/) +2eK. +,3Kkk5ij & 29]&‘(,]-) +27K

ij> <ij>
boog: () - G9bbmeéol LodgdHMmomw bsfowos, < > -FgbBmMob
BHobodgEHGowo  boffowos, K —bza-a®gbol  GHgbbem®os, ¥ —
©IBMOI>300L  3MLOAGGHMOMEo FHIbDMM0s, G,A- @sdgl dd0ggd0s,
H, &, f-©069350m0d0L  sbogwo 33039000, 17,6,0, ¥ -LodEsbEHOL
3M953033096¢3)9000.

@IBMOI>300L  5OLOYGHOOYo  HIBBMOO ¥, ©bzs-adgbol
GIBBOOO K, 3560L5DERIOIO0E ©sIM 0PIV JOYOO:
Vi = Ui~ €0
Ep =gy @
BOOE: U~ 3999 H0gdoL  39dBHMMoL  3mA3mbgbBgdos, @, - dGB30L
39JH™OOL 3m33mBI6EHY0s, €, - @ g30-B030GHL HYEDMMOS.

330w gdgEo s 153T5MOLO JoMMdS 0dols, MM (2) 30bgds@EHozm®o
LobLBgds 0gml 0bEIAMIOSO (35BN 5GYJo SGOL MO3LYdSMdOL
256G Mergdol Iglitryengds (Sandru 1966)
K = iy
YVin = Vs T Coinkie — € =0

®53L905@Md0L  30MHMdgd0  Mx03  Fo3OM3MWIOHI  MYMGOH05d0

®3)

29bbommos sb9g3zq bodMMIdo (Hukabanze 2010).

GoboLFrHMdOL  gobBHmmgdgdo  Lbgmwol Fogbom BgdoLdogHo ¥
93M@@dOLIMZ0L  Booffgdgds  89dgao  Lobom (X,- dmEmemdomo
359009, Y, - dImEmemdomo dmdgb@gdos) (Hosaukuit 1975):
o,.+X,=0,

ij,J

(4)
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35030L BHYbbmGO T, 5MLOYYGHOONs. Jb HIEBMMO 0d69ds LodgEHMorIEro
dmgmermdomo  dmdgb@gdol Y5 0m396¢ o  dsd3900L My

2903909 gmzol dgdmbggzsdo. sbgom d9dmbggzsdo (4) LoliBgdol dgmeg

39BOMEgds ©50gz9690> Lobgby e€,,0, =0, O3 HBOHYBZIwYmBL dsd3z0L

ijk
AIBBMMOL LodgEHBOoNWMdL T, =0 ;.

0658030l 58m(3569d0LsM30L, OEsddYHOL 3MH0bE030L Msbsbdo, (4)
2956@Mm@gdgddo LosFoMms s9gdsEH™mlL 0bgmEomo 9360900 s BMdMOMdOL
239563M@9dgd0 300wgdgb Lobgls (o - dsbagrol Ld3zzemo39s, I - 0bgHEooL
DMdss 0OHMb30LSL) :
oy, +X; = pi;,
€O i + M +Y =1,

P0bsLHmOMBOL 456EMEgdgdL Lbgmerol Bgsdo®m g sdgzom Loby:

Ooyn; =p; (n), Hyn; =, (n) ®)
LooE: 7; 5MoL Lbgmeol Bgo3o®mols bemmdserols 4obF3mog ghmgremzsbo

7.39d3H™O0L  3m33mbgbBgdo. g (5) sbsgoM@mdgdo  [oMImowagbgb
ULEOG03MO LolLOBPIMM 30OHMOYOL.

(2) @5 (4) 3963Mg090d0 BMAso© 24 )3bMdO0s. 2obALsBEEMgwro (1)
2956@M@9dgd0L QomM35eobfiobgdom sdm3sbs ©o0Yy3z5690s oo YOEGdOL
399AH™MMH0oL s dGHMBZ0L 39dBHMMOL 3mA3MbYBEJOOL 2obloBLzMBY.

(1) 29BaLsBM3OgEo  39bFHMEgdgdo  BofgMowos  dsb@HMg3o00
3oLogrol dgdsbozm®mo dmgarol 53900l 3MH0bEo3bYy, MmEs MY s
dsbBHo 9gdgh@gdo FggMmIdNEod 35MIIL M@ (93MIPfimEydYwo
BMobEolL bbgmero). M5@0s30vIero 39olb bobdmgemmg Bgdmddggdolsls,
53 003938 2oMgdml 0dMEgdom sdYMHJdL EOMOL dzoMg dmbszzgmdo,
3sLOEOlL  FoboloomMYdGEO  356M9TYGHMYI0  ITMIOYOI0S  ILLOZgdOL
0639bLogmdsby (g ), ®®IgEos AobALoBE3Mg 2sbBHMEgdgddo Fgob
LEHOMIGHMOMEo  350509HEOL  Lsbom.  F03MM3MEIOHIO  SMOL
©IBMOHISE00L  MgMOool  49b30000900  ©9353T0MYOM0S  YZIs
9539M05MMHO 9990035l 2956L5BZEOB, 53 dmombmgl
993960039630l BsBHIMgOsL  (Homamkmit  1975). 9036MM3ME 6o
3sbBHOMY3900  2o6MgdmML  Fobsliosmgdgwro  39Io39d0L  2obloBrzms
9939600396 SMMo©  TgLodErgdgeros M) boHmzobo oI AOEgdOL
09396390 ghmo®  29300m35oL0bYdm M93dE o dESbEG
9939639dL 3¥B30000 FMIMSMdO.

25630b0EM0o MMYIBEDMT0gdosbo s9mEsbs. ogMdzsm, MHMA bobmgsbo
29Q095POGIGO0 O  TMIMMBYdGd0 9 sMH0D  sTMmZoIdMro X,
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(335 BY. 95906 dMEHYGo IBMOA0MOMEro JEYMISMIMDS 50ofgHds
39d&HMM5d00:

u=,,u,,0), o=(0,0w,) (6)

(2) 0b5835MMdYD0EID  45dmIobstyg,  Sbgem  dgdmbggzsdo
©IBRMOHI0MHOE0 FEAMTsMGMds bolosmgds LOOIJOOM:

ou, ou, ou, ou,
7/11:a 2 V22 = s V12 = W35 Y21 = + s,
X, ox, ox, ox,
@)
ow, ow,
Ki3=—F7_ K3 =

5 223
ox, ox,

(7) 2956@3™®g09006 258m3EOBIMIMBIL  gMmBgBHOOMO  MogLYdIMIOL
300MmdJd0 MOHPEBMBoEgd0sbo IBMOI0MYdMEo IEYMTsMgMdOLIMZOL:

2 _ oY1, o 0%, _ 71 =Ky, 0K, _ OK ®)
ox, Ox, ox, Ox, ox, ox,
ob

827/22 + 627/11 0y, 1)

ol ox; ox,0x,

82712 _ 627/21 _ 0 Fop —711) _(aKB " aK23)
Ox 22 Ox 12 Oox 1 ox 5 Ox ] axz

®

d5030L 396D 0 bollosmYds 8990 FoBMOEgd0m:

o, o, 0 0 0 s
o=|0y 0p 0 > 1=0 0 g (10)
0 0 O33 My M3, 0

535bmob, 5653999935000  BsLOEOLIMZOL (¥ =¥, + V2 =0)  3dsd30L
396BMEMoL o dMmTYbE™MGO dsd3900L 3mI3MbgbEH doLsm3z0L 235J3U:

o =2G%+277%,o- =2G%+ ,7%,
! Ox, , B &x; ox,

ou ou ou . ou
oy, =(G+a)a—xz—2aw3 +(G—a)671+(77+§)8—;—2§w3 +(m—-¢)—

1 2 1 o, (11)
oy =(G+a) 2 1200, + (G- )22 + 7+ P 4 20, + (- ) 2,
ox, Ox, Ox, Ox,

ow ow ow ow
y=(H—-8)—2+O0—-p)—=, py=H-5)—>+(0-y)—
ox, ox, ox, ox,

(4) 296FM@gdgd0s0  AsdmMIobatyg, BdMGHYJo  IBMOT0MYIMEO
9 M3oMmgMdoLOmM3Z0L  235d3L HMbILHMOMdOL Fgdwgao Lsdo gobEHMEgds
(0mEmeEmdoom dsergdl s 3mdgb@gdl o6 30m35wobfobgdm):
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Ol " Ops, -0,

ox, O,

0o, . ooy,

ox, Ox,

00,, N 00,

ox,  Ox,
0 BogLzsdm (11) 065535MH™dGRL (12) gobBHmergdgddo, doz009dm

O, —0, +

=0, (12)

=0

D0boLHMOMIOL gob@MEgdqdL 250050 gd0L s 3MI630L 39JEHMMgdOL

3033mbybEH 900l dodstron:

Ou ou O, o o, 0w
20— -2a—--4 e, +26—2-26—L+(H - e
aax, aaxz aw; —A4go, ga] ga ( )(&C12 62)

an
8 23) %

> 2 5 (13)
2GaZ§+2 aLQ+(G+0;) 2 G- 209 (e Py

ox; ox 0x,0x, 0ox; 0ox, 0Ox,0x,

b,
+ —=0,
(- g) xg gax2
(G+a) +(G- a) +20za 2+ (n+ ) +2¢ o —+( ) 0ty
8x,6x2 x; Ox, e laxz 0ox, e 12
+2Ga”2+2 i _y
s o)

(13) ©0xggM 963050 2sbEMEgdqd0olL 0bEgaM0Mgdolsmzol bsFoMmms
LoloB3zM™  306MHMdYO0,  BIHIMOEO 2509 POWGdIOL s  dMWH30L
399AH™M9d0L 3nd3mbgbEgdoLsm30U:
u(xp, %5, 0) = fi(X,%5,8), @5(x;,%,,1) = g(x,,%,,1), (14)
x,x,€4,i=12 ¢>0.
booog: A4 fy39do Gobol  g0mabsbezmgwo  Bysdocos. Lafyolbo
306000900 d90dwgds [oMImzsa0bmm dgdwgyo Laboo:

u; (X, %,,0) =1;(x,x,), 1,(x,,%,,0) =k, (x;,x,), i=12 (15)
@5 (%, %,,0) =5(x,,X,),  @3(x;,x,) =d(x,x,), x,x,€V, 1=0
Lsosg: 1,k ,8,d - 3mpgdmwo g76d309005, V- g@hmgmemgsbo Lobdol
1093930 BHobob FoMMOs.

(13)  ©oxyMabEosmMo  2obBHMm®gdgdo  Loflgobo @s  LobsbrgzOHm
30609000 9B39JGVIM© 5dmoblbgds Mogbzomo dgmmooom.
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Mechanics of Materials

A Viscoelastic Micropolar Model of Continuous Body Deformation
for a Plane Strain State
Omar Kikvidze

omar.kikvidze@atsu.edu.ge
Akaki Tseretely State University
Kutaisi, Georgia

The paper considers the viscoelastic generalized model of a continuous body
deformation, in which each microparticle of the body performs the certain movements and
creates the so-called micropolar area. In the micropolar region, the rotational interaction
of particles is envisaged, and along with a normal stress field, there are also couple stresses
related to the rotational interaction. Stresses and strains are described by non-symmetric
tensors. Based on the principle of parallel connection of elastic and viscous elements,
the indicial equations of the viscoelastic model are written. A system of closed equations
for the two-dimensional plane strain state with respect to the components of the linear
displacement and rotation vectors has been obtained. Initial and boundary conditions are

formulated.

Keywords: viscoelastic, couple-stresses, micropolar, stress, strain, strain rate.
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Building a model of continuous body is carried out based on a generalized
mathematical model, when a particle of the material is not seen as a material
point, but as a more complex object with given properties that describes the
microstructure of the material (fabric). Within this model, each microparticle
of the body performs a linear movement, rotates and creates the so-called
micropolar medium. The micropolar medium provides rotational interaction of
particles, and along with a normal stress field, there are also the couple-stresses
related to the rotational interaction.

Classical theories of elasticity, plasticity, creep are based on an idealized
model of medium, in which the relationship of load on both sides of the surface
is described only by the main vector. This assumption leads us to a symmetric
stress-strain state. This model corresponds well to the experiments conducted on
structural materials. A significant difference emerges when the stress gradient
is significant. Disagreement between theory and experiment also occurs when
the results are inevitably influenced by the microstructure of the material.
The symmetric theory does not provide a sufficiently precise description of
the phenomena that occur in granular materials, polycrystalline structures and

polymers (Hosauxwuit 1975, Epemees 1999).

This weakness of the symmetry theory can be corrected if we build a
body deformation model assuming that the load is transmitted to both sides of
the body surface element not only by the main vector but also by the main

moment. Such an assumption leads to the action of not only force-stresseso;,
but also the couple-stresses £;in the elementary volume of the body element,
and in general, tensors 0;; and ; are asymmetric tensors (Hosauxuii 1975).

In the classical theory of elasticity, a material particle coincides with a
point, and the strain state is described by the displacement of a point. In
contrast to this model, in Cosserat theory, each particle of the deformed body is
aligned with an orthogonal trihedral. Therefore, each particle is a small,
absolutely solid body. The deformation of such a medium is described not only

by displacement vector # , but also by rotation vector @.
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The constitutive equations for a viscoelastic medium are written as

follows:
o, = 2G7/(l.j) + 2a7/<lj> + /17/(/(5,-,- + 277}'/(”) + 2g7<lj> , .
w; =2HK ;) + 26K, + B, 0, + 20k, +2 1K,

where: () - is a symmetric part of the tensor, < > - asymmetric part of the

tensor, kK ; —bending-torsion tensor, Vi —skew-symmetric strain tensor, G, 4 -

Lame’s constants, H, &, [ - the new elasticity constants, 77,¢,6, y - coefficients
of viscosity.

The skew-symmetric strain tesnsor y ;and the bending-torsion tensor
K ;; are determined as follows:

Vii=U;; — €50,

K =@,

2)

where:u,- displacement vector components, @,- rotation vector
components, €;; - Levi-Civita tensor.

Let us consider a two-dimensional problem. Assume that linear
displacements and rotations are independent of a variable. Then the plane strain
state is described by vectors:

u=,u,0), o=(0,00wv,) (6)

Based on the relationships (2), the strain state in such a case is

characterized by the values as follows:

ou, ou, ou, u,
7’11:a ' Va2 = » V12 = W5, )0 = + s,
X, ox, ox, ox, o)
_ Oaw, _ Ow,

13 = > Ka3
ox, oxs
The geometric compatibility conditions are derived from the equations

7).

The stress tensor is characterized by the following matrices:

o, 0, 0 0 0 p,
o=|0y, 0, 0 o 1=10 0 gy (10)
0 0 033 My sy O
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In addition, for the incompressible material (¥, =¥,, +7,, =0), for the

stress tensor and couple-stresses components, we obtain:

=2G=—L 8u1 % g = 2(;% %
x1 le X, 0ox,

ou ou ou . ou
o =(G+a)—2—2aw3 +(G—a)—‘+(77+§)—2—2ga>3 +(f7—§)—1,
X Xy X xz (11)

(G+0¢)—-|—20wo3 +(G - a)—+(77+g) +2ga)3+(77 g)—
)C

2 ox, xz ox,

ow ow 6(0
: +(9—Z)a—3, My, = (H - 8) D 0-p
Xy Xy Xy axz

Based on the equations (4), we have the following three equilibrium

equations for the plane strain state (volumetric forces and moments are
neglected):

=(H=z)—~

Ol n Ols, -0

01, =0y o o
1 2
0oy, N 90y, _ 0. (12)
ox,  Ox,
00, N 00y _ 0
ox, Ox,

If we insert the relationships (11) into equations (12), we obtain the

equilibrium equations for the components of displacement and rotation vectors:

ou ou, o o, Do, 0w
2022 20 _agem —dci, + 2022 2 +(H- L —3)+
o, 8xz @, — 45, gal ga ( )(axf 82)
62
a 7)=0,
2! 2 2. (13)
2G6Z1+2 al?+(G+a) +(G- )aﬁl—zaaﬂﬁh(mg)—a % 4
ox; Ox xl@x2 ox; 0x, 0Ox,0x,
0%, 0w
+(n— -2c—=0,
(n-¢) o S o,
0u 0u ow. 0% o 0%
G+a L+ (G-a)—F+2a—+(+ L +26—2+(n—¢)—+
(Gra) g, O D g P2 )y e T 5
2 2
12671 49y 0t _
2 ox,

To integrate the differential equations (13), boundary conditions are
required for the components of the recorded displacement and rotation vectors:
u; (X, %5, 0) = f(X,%5,0),  @5(x;,%,,1) = g(x;,%,,1),

. (14)
x,x,€Ad,i=12 t>0.
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where A is a boundary surface continuous body.

The initial conditions can be represented as follows:
u; (x0,%,,0) =1;(xp,x,), ,(x,,x,,0) =k (x,x,), i=12 (15)
@3(x,%,,0) = 5(x,X,),  @;(xp,%,) =d(x,,x%,), x,x, €V, =0

where /,,k,,s,d- given functions, V - the area of the unit thickness
continuous body.

The differential equations (13) with initial and boundary conditions are

efficiently solved by numerical method.

The article is published within the framework of the grant of Shota Rustaveli
National Science Foundation of Georgia (FR-21-3926)
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