94040 BIHINNL LOBLINIBNBM JGN3IGLOSISNL 3(7033T, 2020, Ne2(16)

0500995303960 BoBo3s

69350 6569305 3gMmBGooL LB 030l 9Hmo LbsBLaHM s3mEsbols
9895 39mbLBs 65b35ML0dMEHY9d0

30> bgsGady

93930 §9gomol babgedfonm wboggmlLodgdo
JM50b0, LogoMmzgEm
Kostasvanadze@yahoo.com

6s36mdJo  ©M9g3s0  batrgzms  [HR030  mgmGmool  LAsHogol  gHomggzstmgsbo
396 960bs030b bsbgzs60 LodGHHYOL 898095393590 9RB9JHIHss 58MbLbOO Lslsbmgtm
39m33sbs, GmEs sGob Lsbmzs®by ImEgdnero 3oss3oegdol 39JdmMob 306390 ©s
09b589 30083mbgbHol x50, Ggmeg s Fgemby 333069650l Lbgsmds, Ggmeg s Jymoby
3003mbgbBol x50l bea®3serom [o®dmgdnero s 8609630l 399H™MG0. s0miEsbol sdmblibs
509356905 bsbggzst LodGGY9do 39sbmbol gsbBAmegdolsmzol omobergls s 6908560l
590336980 s9mblibsby.

bo3gsbdm Lodgggdo: ™93 BoMgzms FOB0Z0 MMM, ©OMObgl @s B90dsbols
590356900, 53esliol s 3slimbols gob@magdgdo.

1°. 0693506509335 FHB030 gMOH00LLESE030L gME35MMZb obEMgdSL
M0 256BmIowgdol Jgdmbgggzedo sd3l dgdwgpo Lsbg (Bashaleishvili, Svanadze
2001, 427-446)

a,Au'+ b graddivu'+ cAu "+ dgraddivu" = 0, o

cAu'+dgraddivu'+ a,Au"+ b, graddivu" = 0,

Bosg U = (ug, u)T o u” = (ug, us)” 39HAM 2555F0GdGR0S,
ay = —As, ay =4, — Ay, c= s+ A5, b=+ A4+ A4 —ao,p,/ p,
b=+ +A+a,p/p, a,=2,—-4,, p=p, +p,.
d=p,+ A, - —a,p/ p=,+ 4, —A+a,p,/ p.

Hhsbos s 2y P =15, @6)3500 81108030005, Py ©> P, 31303080
5930 103330030l FobbBMIogds. 50b0dEME0 3103900 53854MBOGdI6
3M6309¢ M 306MHMdJdL (Bashaleishvili 1995, 59-105).
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9 _° 9 _9
ox, ox, ox, ox,
Au'= o'+ o'y Au"= 0"+ "
9 9 9 9
axz axl axz axl
02039Md0bL 2458mygbgdom, boos
6"=divu'=%+% 0":divu":au3 +%’
Xy axz 8x1 8x2
wvzrotuvz%_%’ (O"ZI"OZ‘M"Z%—%,
Ox, Ox, ox, Ox,
(1) Boofgtgds 9990 Lsboom
_0 N
ox, ox,
alAu'+c,Au"—b, w'-d "=0,
9 o
ox, ox, )
_9 _9
ox, ox,
C,Au'+bAu"-d w'-b, o"=0,
9 9o
ox, ox,

bosoog a=a,+b,, b=a,+b,, c,=c+d.

(2)-005b6 99996350 2oFMmmM3gdom B03009d0:

0
nu—| WOV O |(bb—ed | bd—cib, L)
h, (x) 0 d, d,
ox, -
_9
Au"= h3(x) — axz ad—cobla)v+ abz_coda)n ,
h, (x) 0 d, d,
ox,

Losg d, =ab—c; .
30g3sm D s60b Bgws bsbgzs®mo LodGEyy (x, >0) bowe L ox
650300 ©)Hdo. J330m>  gopriaerolbdgdo, Gmd U = (1.1, 15,11, )
c’ (D+)|-|'C"!ﬂ" UL) 3@abob  39JEHm®-grbJaoss, 58sLmsb  u, =O0(1),
x %:o(l), k=T4, j=12 |xP=x7+xl.

J
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dm399 d9dnbg9330 (3)-sb dog009dm

Aw =0, a)=(co',a)")T, xeD",

(4)

TUlea—U+Mza—U+M3U (5)
on(x) oS (x)
5oL dsd30L 39dBHMM0, byss (Bashaleishvili 1995, 59-105)
a 0 ¢ O
0 a 0 ¢
M, = ,
¢, 0 b 0
0 ¢, 0 b
0 a-2u, 0 Co =214
M, = 2u,—a 0 2u,—c¢, 0 ’
0 c, =244 0 b-2u,
2, —c, 0 2u,=b 0
bn, 2 bn, 2 —dn, 2 dn, 2
0ox, Oox, Ox, ox,
0 0 0 0
bn— -bp— dn—  —dn—
" Oox, o ox, & ox, 1 ox,
M= 5 9 0 0
-dn, — dn,— -b,n,— b,n,—
0ox, ox, 5 ox,
dn, 9 —dn, 2 b,n, 9 —b,n, 2
i ox, ox, ox, ox, |
0 _p2inl, 9 _,9_,°8 n=(m.n)"
on(x) & ox, ox, os(x) ox, oy v

9609 ™3560 39dBH™mM0s, DT 569l Jgdmbgngsdo 1= (O,—I)T .

@3LabGYE, Jq36086mm, G o U = (ul,uz,u3,u4 )T (1) 29bEMEgdsms

LoLEHGBOL BgaMEsBM@o  58MbsblBos D s¢g80, 85806 syomo 543l
899093 H™@mdIdL (Bashaleishvili 1995, 59-1051)

[TU (9)1,20 di =0

2=0

(6)
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20. 335380 2560bogds 899ga0 93m3sbs: D 560930 303m3mo (1) sbvy
(2) 2563 M@gdsms LobBHgdol obgmo Hgamstvyemo U = (ul,uz,u3,u4 )T

5dmbBoblibo, HM3gwos 53059mx30egdl d9dgy LolisBM3M™ 30MMBNVL:
(u, +u;) 1= £ (%), x el
(w,—u,)|,= f(x).  x el

0
g(u2+u4)|L:f3(xl)’ x €L, 7)
p

oelZJefll) e

Boo3  fi2fos s i @0 fs BsBgowo L%y 8m@gdneo  offggado

399mbsbE3OMmo  53BJ309005, 9TLMB  8305Y4MeB0wqd6  3MBEIMYE M
306HMdIOL S BHeEMdOL (0b. 21).
50bodbmmo 5dm3sbolsmz0L JODSOIMOMOOL gm0l
©533303900Ls 5 53MmBsbLBOL  3m3zbol  doBbom  dmgzsbobmem  (7)
LoLdBEOZOM 30MHMdGOOL FJ33es 993035¢96EMO LalivBEIMHM Z0MHMDdIO0).
9ol dbeMog,

(uz_u4)|L:f2(x1)’ w'lL:(%_%Jh:fz&(xl)a

ox, Ox,
" Ou, Ou,
o"|,=| —-—1,=/f(
B (le zele (%)

LolioBO3zm™  30MHMBJOOL  LoxzdzgwDBy  9egdgbEB M0 4o8mmM3gdOL
8973°@ ©2gfighon:

%(ul_us)lL:ﬂ(xl)"'fs ()= /i (%) ®

dgmMg dbemog, (8)-L mobsbds, ToMmEH0Z350 o3sL3360m, G (7)
LalsBLIO™M 306MHMBYOOL 99303596 EBNIMO LolsBOIMM 30MMdYdOL:

(ul(x)+u3(x))|L=f1(xl), x, €L,
5(711(32);1/!3(36)) |L:f2'(xl)+f5(xl)_f4(xl):F(xl)’ x el

(u2 (x)-u, (x))|L=f2(xl), x €L, ©9)
0 (1, (%) +u, (x))

0ox,

|L=.f3(xl)9 x, €L,
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w'(x)n{a“z() ‘3”1(’“)]|L fi(s), xel.

ox, ox,

0"(x)],= (%-alj| = f(x), xel.

5Q0Q00 593L GOHMSIMOMBOL 99 00MM9ISLs.
0gm@gds 2°. (2), (7) Lobsbezmm sdm3s6ol dglsdsdolo gMHm35MM3560
59m3sbol BMAs0 53MmbsbLBO Imo(3gds BmMHIMwom

r
UO(X)=(,B,]/,—ﬁ,]/) >
bososs f s ¥ bgdoldogemo 659300 39900039000.
©59(H30(3909, M50 9OHP35MM3560 53560l
Aw,(x)=0, xeD", o,(x)|,=0
AN
Dmoo 59mbsblbos @), = (a)o,a)o) =0 580¢™3 (3) @> (4) FMOINIdOL

L5319939eD 50b0EMWO GJOMAZIMMZ60 5dM3365 ©s0Yy3569ds D 56980
39000920 9OHMA3560M3560 5dm 356930l

Ay (x)+uy (x))=0.  xeD*, (uy (x)+uy(x))],=0. (10)
At ()71 () =0, x D", 2 (u (9 =2s (<)) =0. A
At () 14 (x))

Aty (x)+21 (x)) =0, xe D, g(uoz(x)+uo4(x))|L=O, (13)

2

=0, xeD", (uy(x)—uy(x))],=0, (12)

5dmblibsby.

dgmeg dbE0Z, Mosb (10) s (12) s9m3969d0L bmermgzsbo sdmbsblbo
593U, bemerm (11) s (13) $59m3569d0L 5dmboblibgdo bgdoldogho dmdogzgdos,
5003™0 5MEH0350 939133600, O™ LsT>MMWOsB0S MgMEYTs 2°.

3% (2), (9) 59mEsbols 53mblbs. 5©bodbryero s8mEsbol s8mblbols doBboom
39630bomm oMmobergl sdm3sbs

Ao(x)= A(a)'(x),a)"(x))T =0, (a)'(x),a)"(x))T |L=(f4 (%), f5 (%, ))T

o 3936086mm, M 50b0dbM0 53mEboL gOHmSEIMO 5TMbIbLBOS

'(x) JZ(M)J
= d 14
s ] e V)
sbaws (14)-sb 49bLsBL3OMWo @ (x) ©s @ (x) 3bJd3090L, v

3930035¢00b{jobgdm (3) s (4) BMEOIMEgdol dobrx3zgbs Fbsgdo, d5dob
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dogoogdor C '(DJ')H'C@' UL) 3aabol  3Bmdowo  399E™M-1364300

H = (ol

53050, 30gdvIEo BgEgaol Lagrdzgwwdy (0b. (3) (4) s (9)) B56GHO3®
@939533600, ®M3  (2) s0mEsbs  @o0y39Bgds DT 56980  3mobmbol
2396@™M@gd0LsmM30L OMObgls s Bgodsbols 899 58m(35690%Y:

A[ul xX)+u; (x )]=h1(x)+h3(x), xe D",

[, (x)+1, (x) ]I, = £ (%) (15)
ALy () -1, ()] = I (x) - B (x),  xeD,
[, (x) =1, (x) ]1,= /3 (%) 16)
AI:ul(x)_U3(x):|=h|(x)—h3(x), xeD",

17
a%[ul (x) =, (x)]1,= F (%), )
Aluy (x)+u,(x)]=h (x)+h,(x), xeD",

(18)

0
a—xz[uz (x)+u, (X)] =1 (%),

oMmobegl  (15) s (16)  99mEsbgdols  gMmsgmomo  sdmbsblibo
d9L50530bs FMmoEgds 3930 BMMIYEGIOD

ul(x)+u3(x)—— J G(x, y)[h (y)+ig(y)]dy+ j 2f(y)1)a’yl ,(19)
u, (x)—u, =—_[G(x y)[@(y —h, (y)]dy+ I zfz(y)l):; (20)

boqo3 G(x, y) D" 56980  @a3sbol  gob@mmgdol  3gdmbggzsdo
QOMObEgls  533Mobols gLsdsdolo AMObol BMbdEoss (Mdmmyyobody,
3505330000 1982)

G(x y) ln\/(yl—x1 yz—xz) ln\/(yl—x1 +(y2+x2)
sbens 9936086mon ™A (6)-U Igmeg GHMEMdOL Msbobdo bgodsbols (17)
9 (18) 58mEsbgdol 58mbLBsMBOL sE0MgdgEo 30MHMdYdO (Bragumupos,
1988).
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[ 14 ()= ()1 [ ()i =0,
' B 1)
[ U (3)+h, (y)1dy- jf3 (3)dy =0,

pt
F9LMHMEGOWOs s 5000 5IMBbLBYdO Fglsdsdols dmogds d9dgao
RMOHINOGOI0M:

, (x) - ua(x)——JG (. 2) U ()= (¥)) dy +

22)
+— Jlnxl(h_xl) +x2F(y1)dy1>
u, (x)+2, (X)=g [ Gy () (9)+ by (9)) dly +
o (23)

100
# [ (=) 2 A () s

Lo G(1) (x, y) D" 5980 @33@sbol  a56EHmemgdol  dgdmbggsdo

6903560l 53m360l  Fglodsdolo  gMobol  BMbd0ss  [OMdMEMX0body,
3505330000 1982]

G(l) (x,y) = ln\/’(y1 —xl)2 +(y2 —xz)2 +ln\/(y1 —xl)2 +(y2 +x2)2 .
Q5LsLEmMls (19), (22) o (20), (23) Bm®IEgdol Lodeegdocm 3033000

29bLoboz9W0 5360l 5TMBIbLYBL 335MoE)¥YdgdTo.

@OoGIPGYHS

MdMGYa0bodg ., Fomsdzowo U. 1982. dsogdshozsatro %obozol
3569207985005 doH05O Us300006980, »dOOLO.

Basheleishvili, M., Basheleishvili O. 1995. Two-dimensional boundary value
problems of statics of the theory of elastic mixtures. Mem. Differential Equations
Math. Phys. 6, 1995: 59-105.

Basheleishvili M. and Svanadze K. 2001. A new method of solving the basic
plane boundary valye problems of statics of the elastic mixture theory. Georgian
Mathematical Journal vol. 8, 2001: 3, 427-446.

Bragumvupos B.C. 1988. Ypasrerwns maremaruxgeckos Qusnkm.

231



94040 BIHINNL LOBLINIBNBM JGN3IGLOSISNL 3(7033T, 2020, Ne2(16)

Mathematical Physics

Effective solution of a boundary value problem of statics of the theory of elastic
mixture in a half-plane

Kosta Svanadze

Akaki Tsereteli State University

Kutaisi, Georgia

Kostasvanadze@yahoo.com

In the paper we consider effective solution of the boundary value problem for
homogeneous equation of statics of the linear theory of elastic mixture in a half-plane,
when on the boundary are given the sum of the I and III components, the difference of
IT and IV components the normal derivative of the sum of II and IV components of
displacement vector and rotor vector. The problem can be reduced in same domain to the
of Dirichlet and Neumann problems for equation of the Poisson.

Keywords: Linear theory of elastic mixture, Dirichlet and Neumann problems,
Laplace and Poisson equation.

1°. In the two-dimensional case the basic homogeneous equations of statics
of the elastic mixture theory have the form (Bashaleishvili, Svanadze 2001)
a,Au'+ b graddivu'+ cAu "+ dgraddivu" = 0, W
cAu'+ dgraddivu'+ a,Au"+ b, graddivu" = 0,
where u’' = (uy,u3)T and u”’ = (us,uy)" are partial displacements,
ay =y —As, @y =, =As, c=ps + A5, b=+ A4 +As—a,p,/ p,
b=+, +A+o,p/p, o, =4—-4,, p=p, +pP,-
d=p+ 20— As—a,p/ p= s+ A —As+a,p,/ p.
Here 4,445, 4,, p= 1,_5 , are elastic constants p, and p, are partial

densities. The above constants satisfying the definite conditions (Basheleishvili
1995, 59-105).

Using the identity:

S 9o _9
Oox, ox, ox, ox,
Au'= 0'+ o'y Au"= 0"+ o",
9 2 2 o
ox, ox, ox, ox,
6":divu'=%+% H"=divu"=%+%’
ox, Ox, ox, ox,

232



' ' auZ aul " [ aZ’t4 au3
@ =rotu’ = _— =rotu" = — ,
Ox, 0Ox, ox, Ox,
we can rewrite (1) as follows:
_9 _9
0ox, Oox,
alAu'+c,Au"-b, o'-d 0"=0,
o 9
Ox, ox, @
_9 _9
0ox, Oox,
coAu'+bAu"—d ®'-b, 0"=0,
9 9
ox, ox,
where a=a, +b, b=a,+b,, c,=c+d.
From (2) elementary calculations yield:
2
Au'= hl(x) = axz bbl_coda)v+bd_cob2a)n ,
h(x)] | 2 | 4 d,
0ox, @
_9
Au" = h?*(x) — axz ad—coblwv+ab2_c0da)n ,
h(x)] | @& d, d,
ox,

2
where d, =ab—c; .

Let D" denoted the upper half-plane (x, > 0). Clearly the boundary D" is

ox, axis L =]—oo;+o0f.
In what follows we assume that U= (ul,uz,u3,u4 )T €
. Ou
C'(pr)reTUL). Furth =0(1), P L =0(1),
( ) ) urther u, (1) | x| o, (M

k=14, j=12, |xP=x>+x2.

Finally we can say that from (1) we'll have

Aw =0, m:(a)',a)“)T, xeD". (4)
By TU we denote the a stress vector (Basheleishvili 1995, 59-105)
TU=M18—U+M oy +M.U, (5)

on (x) ? m
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a 0 ¢ O
M= 0 a 0 ¢
"le, 0 b O
0 ¢, 0 D

0 a-2u, 0 Co =214
2u,—a 0 2u,—c, 0

M, = ,
0 c, =244, 0 b-2u,
24 —c, 0 21, —b 0
—bn, 9 bn, 2 —dn, 9 dn, 2
0ox, 0ox, Ox, ox,
bn, 9 —-bn, 2 dn, 9 —dn, 2
0ox, ox, ox, ox,
M= 0 d 0 o |
-dn,— dn,— -bn,— bn,—
ox, ox, ox, ox,
dn, 9 —dn, 2 b,n, 9 —b,n, 2
i ox, 0ox, 0x, ox,
0 0 0 0 0 0

——=n—+n—, ——=n——n
on(x) ox, ‘éx,” os(x) ox, ox
n=(n.n, )T =(0, —I)T is a unit vector.

Finally if D* domain U = (u,,u,,u5,u, )T is a regular solution of equations

(1) [(2)] then we have (Basheleishvili 1995, 59-105)
[TU (9)1,520 vy =0,
L

_9U() ’
L;[H(x)dx —.L[ Gn(;}) |1pz0 A1

where H =(hl,h2,h3,h4)T ,

20, In the present work we consider the boundary value problem. Find in the
. T Ca .
domain D" a vector U= (ul Uy, Uy, u4) which is a regular solution of

equations (1) or (2) and satisfying the following boundary conditions:

234



3 Lgobadg

(4, +u) = £i(x) x €L,
(uZ_u4)|L=f2(x1)a XIEL,

0
g(uz"'%)lL:fs(xl)’ x €L, (7)
2

o 2)el)

where £, 1, f? ,f+»/, and f; are real continuous and bounded functions a

defined on L. further more satisfies concrete conditions:
Note that from conditions:

oo| QO
(uz_u4)|L:f2(xl)’ @ |L_(ax1 axzle_fét(xl)’

ou, Ou,
a)nle[_“_ JJlefs(xl)’ x €L

ox, Ox,

follows that

%(ul—u3)|L:f2'(x1)+f5 (x)-/fi (x)=F(x). xeL (8

In view of (8) the boundary conditions of the (2), (7) problem can be
written as

(”1 (x)+“3(x))|L=f1(xl), x €L,
a(”l (x)—u, (x))
ox

2

|L=]g(x1)+ﬂ(x1)_ﬁt(x1)=F(x1)> x €L,

(u2 (x)—u4 (x)) |L:f2(x1), x €L, 9)
a(”2 (x)+u, (x))
Ox

2

.=/ (x1)> x €L,

w'(x)|L=(a”2‘x)—a”l(’“)jmz(xl), v el

Ox, ox,
0 0
a)"(x) |L=(a_i?_a_:3)|L= 2 (xl)s x, € L.
1 2

The following assertion is true.

Theorem 2°. The general solution of the homogeneous problem (2), (7) is
represented by the formula U, (x)=(ﬂ, v,—p, 7/)T where [ and ) are
arbitrary real constants.

3. Solution of the problem (2), (7).
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Let us consider the following Dirichlet problem

Ao(x)=A(0'(x).0"(x)) =0.  (0'(x).0"(x)) |.=(f(x). /()

and note that a solution of the problem is

O M

Now note that, owing to the (10) we can conclude that (see (3))

H =(h|,hz,hg,h4 )T is known vector-functions and belongs to the class
C'(D*)retrUL).

By virtue of the above said from (3), (4) and (9) it follows that the problem

(2), (7) can be reduced to the Dirichlet and Neumann boundary value problems

for the Poisson equation in the domain D" (x, > 0)

AI:”1 (x)+u3(x):|=lfq(x)+h§(x), xeD",

[, () 42 (1) ]1,= £, (3): v
Aluy (x)=u,(x)]= I (x) =P, (x),  xeD", o
[0, (%) =2, (%) ]1,= /2 (%)
AL ()= (1) =l (x) = I (x),  xeD,
Aol ()= ()= (x). )
Aluy (x)+u,(x)]|=h (x)+h,(x). xeD",

(14)

0
g L@+ )]l = £ ().

Further note that owing to the second formula (6) the necessary conditions
(Bragumupos 1988)

[ (v) =P ()1 dy - T F(3)dy =0,

I[hz (y)+h4(y)] dy_J.fs(yl)dJ/ﬁ =Os

of solvability (13) and (14) problems are fulfidded.
Taking into account the obtained results we see that the problem (2), (7) is

solvable and is represented by the solution of the problems (11)-(14).

236



3 Lgobadg

The solution of the problems (11), (12), (13) and (14) can represented as
respectively (Bragumupos 1988).

uy (x) 4, (x)=$ [ Gy () +h () ]ev+

D+

(15)
+l+j‘0 X, /i (),
T

_w(yl—xl)2 +X

e (x) () = 3 [ Gl [ (3) = () ]+

(16)
177 X,/ ()ﬁ)dJ’l
= I 22 R

T

—oo(yl_xl)2 +x22

4 (9) =2 ()= 5 | Gy (o) ()~ () s

1 o0
+; J- ln\’(yl _x1)2 +x22F(y1)dyl,

 (x) 2, (¥) = [ Gy (o) () ()1 +

17)

(18)
1 0
+ 2 finf(n =) A ()

Here (Doborginidze, Shatashvili 1982)
G(x,y) = ln\/’(y1 —xl)2 +(y2 —x2)2 —ln\/(y1 —xl)2 +(y2 +x2)2 .

and G(l)(x,y)=ln\/(y1—x1)2 +(», —xz)2 +ln\/(y1 —xl)2 +(», +x2)2 .

are the Green functions of the Dirichlet and Neuman problems respectively in a

domain D for the Laplace equation.
Finally, by virtue of thy formulas (15)-(18) we can find the solution of
problem (2), (7), are given in gvadrature.
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