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B (4. 90)

d
—P (A, %
di 0( ) d=c,(@),920

b (0)=
A

>0,/=12100 (50)
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09 (50) LEMEEIDS, 3sTob SupE(t , x) c K s @omeds E(t , x) =056

Lommogds Qe 0K fgoBomol  s6Egho  8o@sdmdo (5] E(l‘,x) M
Mm39M5GMOMHOL BMbEsdgbGHMMmo 53mbsbligbos, MmMBgmoi swfigdl dgdgmmgdols

LoliOveo boBgs@om 3o3ME3gagdsl, K sMol £ m39@s@mmol go3t3gamgdol
3mbmbo).
2o630bowmo (28), oy 9935096900 (49)-I Boz300gdm

K+ﬂG

P (1.90)=P" (Lod)=1* ——3— g =
Yo,

K+ﬂG JK+iG
= i————i—g l+———i—3

Jr Jr

B(2,90)=B" (109)=% (1)

290M3m350Mm
9’ 9’ P
kl(a))= o = = >0 (52)
A2, NS0 3(]3,5#0 K+EG 2(K+EGJ
2 2
2—=—9
Yo
9’ D
= =——<>0 (53
(@) 124, [ 750 53
o

oo 2 K436
3

10G 1
525653 o (t) = - 2, 41— —,
3pb;s ¢ be
53169300 930@MA dmyzs60e0 gmMHgdosb s (52) s (53) BMGIMEgdOEIL
250030b50MgmdlL 89990 0gmMgdol LodsMmmmosbmds.
®gmG8s: (28) M3gHGHMM0 560l 30396dm@mGo S’ -8o s 0BsHBMBYAL 59

t ) oMol 3039MdMEHMBOL

030L9d5L R)(O) (2,2) @9 R(O) (é,i) M39M9GHMO9BOL 3953030963 9d0L
ot Ox ot Ox

BgdobdogMo 3oty 6s8z0eo  F9BBmmMYdgBOLLL. oy  E; (t,x) 0ol (28)
M39M5&MMHoL 3bs3g6EHWMO sdmbabligbo, 3s80b
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supE, (t,x)cIO{ = (t,x);tZLM

> Bownds E, (t,x)=0 56 LOHMmEgds QedK  Fgod@Howol sOEgho
dogsdmdo.
0B MY0m®ma 8(33030g0s 89000980 gm0l LsdsMME0sbMdS.
®9mGgds: (31) M3gHGMGO 560l 3039MdM@MGo S’ -3o s 0BsGHRMBIRL 59
30LgdsL Po(l) (g,i) Qo Pl(l) g,i Mm396M5GHMMd0L  3mgz30309639d0L
ot Ox ot Ox
BgdoLdogmo 830t Bsdgowo  Fgdummgdgdolsl. oy  E; (t,x) séol  (31)
3953 MOH0L BMBsdgbEHWEMO s8mbabligbo, ds80b

supE, (¢.x) cK= Fr,x); > \/\/2%|x|}

> Gmwmds E, (t,x)=0 56 LEWMmEgds P edK  GghEowol sGEgom

dogsdmdo.
dMEML 2535390Mmm M53m©abodg ©sli3gbs, MHMBWgdOE 29dMIObsmgMdIL

d00gdmeo 999a900qsb.
300d350 w=0 3306 (25)-@ob  godmdoboMgmdl, O™

;tzgrad(go),rot(&)=0.

9 330P39690L, M @ BYBJE00m SOFIMOE FHow®sdo o6 FoIEObsMYMBIL
500l Bofioeszqdol d0wbas 9.0. 0mMgMEo 85060 dMmAMsmdL obligaroo.
SB9m BOWNIBL 9himgdsm Mdogo. 5333505 (26) s0fig®L yMdogzo @sermgdol
393OEILIOL.

30d300m obws @=0 95306 u=rot (1/7) sLgo  39wdo  LogMEOMO

—

AIBIODMYPDS  BHMEos  0-0L.  FsODE3 div(;) =divrot (l// ) =0. sbgoo

30L9d0L Jmby BHowrmgdl gfim@gdsm gsbogo by dzMOL Gowwmgdo. g.0. (27)
2396@M@gds 50FgMl 39603 BHowrwgdls.
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Mathematical Physics

The Equation of Motion for a Three-Dimensional Fractional Model of
Viscoelasticity

Teimuraz Surguladze

Akaki Tsereteli State University
Kutaisi, Georgia
teimuraz.surguladze@atsu.edu.ge

Over the past 4 decades, the differential equations of fractional order and the Abel integral
equations have been considered to be the very important and useful tools for studying the
hereditary and memorable properties of various processes. In some cases they lead us to the more
adequate models as compared to the models based on an entire order of derivatives. In the main,
the focus was on the study of models based on the fractional diffusion-wave differential equations.
Such equations have been successfully used for the modeling of various phenomena, for example,
for studying the behavior of viscoelastic materials and for studying the diffusion processes in porous
regions that appear in fractal geometry, as well as for white noise process modeling, and so on. This
article addresses the equation of motion for a three-dimensional fractional model of viscoelastic
behavior, when the constitutive relationships contain the derivatives of fractional order, in

Riemann- Liouville sense. The hyperbolicity of the obtained equations of motion is shown.

Keywords: Viscoelastisity; derivative of fractional order; hyperbolicity of equations.

1. Introduction. Let us first introduce some definitions that we are going to use

in this article.

o 0
Definition 1. Assume that P (a,a—j is any differential operator with
X

constant or variable coefficients, linear or non-linear, where X can be one-
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dimensional and finite-dimensional as well. The function E(t ,x) is called a

0
fundamental solution for the operator (— — |, if it satisfies the equation

ot ox
0 0
Pl—,— |E =o(t)o 1
2.2 n=s@a). o
where O is a Dirac delta function.
0 0

—,— | has a fundamental
ot éxj

Definition 2. Assume that the operator P (

solution E(f , X) € D' | such that

supE(t,x) c {(t,x)|t > const|x

}, const >0, (2)

0
where D' is a set of distributions, then the operator P (5,8—) is called
X

hyperbolicin D'.
Definition 3. LetS’ is space of tempered distributions. Assume that the

0 0

Pl .=
operator (al‘ ax

j has a fundamental solution E(l‘, x) such that

- o 0
e M[E(l‘,X)ES’ for any number M > 0. Then the operator P(a,a—) is
X

called hyperbolic in S .
Definition 4. The functionq)(t ), which is 0, when? <0, and when >0
satisfies the following 4 conditions:

1. ® (t ) is fourfold differentiable;

k
(-1)° di(t)zo, k=0,1,2,3;
dt*

3. (1) >0, t>0+;

4. There is in existence such 066(0,1), that the function l‘aq)(f) is an

increasing one for small t,

is called function of hyperbolicity.
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1
Assume that A€ER ,0€R". A homogeneous polynomial P (ﬂ, 6) of order

M is called hyperbolic with respect to a variable A , if for every O, the equation
P(ﬂ,o') =0 has M real roots /L (O'),/Q2 (O'),; im !6)‘.

It has been known that a homogeneous differential operator is hyperbolic in D',

when and only when its symbol is hyperbolic.
The polynomial P (ﬂ, o ) is called strictly hyperbolic, if all roots

ﬂl (6 ), ﬂz (O' ),_ im !G ) of o #0 are different. In that event, the operator

P 0 0}, lled strictly hyperboli
—,— | is called strict erbolic.
o’ ox yP

Definition 5. The set
{4,0|P(4,0)=0} cR'xR" (3)
is called a cone of normal of the operator . The complement of (3), which

contains a semi-axis A >0 is called a core point of the normal of the operator P,

and it is denoted by IQT . It has been known that the core point of a cone of normal
of a hyperbolic operator is convex .

Definition 6. The operator P is called an operator with a bounded surface of
normal, if the cone (3) of its normal and hyperplane A =0 cross each other only at
the origin. If not, the operator is called an operator with an unbounded surface of
normal.

Let us introduce the notation

o

K= t,xti+x-o*20,(ﬂ.,0')eli1 CR'xR", (4)

where X*0 denotes the scalar product of ¥ and O .

o

The cone K is called the cone of spread of the operator P, and it coincides with

a convex envelope of the carrier of a fundamental solution E » of the operator P,

which describes the spread of disturbance at a finite speed.
Let us introduce the notions of the integral and derivative of fractional order, in

a Riemann-Liouville sense:
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Definition 7. Assume that the function f(x) is defined in a semiopen interval

(a,b], and assume that o >0, then the fractional integral of o order of a

function f'(x) ata point X € (a, b] shall be determined as follows:
_o a 1 T a-1
D) =T () =—— [(x=7)" f(D)dz.  (5)
L(a)s
In this formula, [' denotes the Euler gamma-function
I'(z)= jx-'-le-"dx, Rez>0. (6)
0

Assume that 0<m—1<a<m, m=1,2,3,---, then the fractional derivative of

o order of a function f'(x) ata point X € (a, b] shall be determined as follows

mﬂ@DVU—mrmaJ ﬂwm<n

2. The equation of motion. Assume that the constitutive relationship the three-
dimensional model of viscoelasticity, containing the derivative of fractional order,

in the Riemann-Liouville sense, shall be written as follows:

s, (1)+bg" D5, (1) =2G e, (1) +2Gbz D*e,(1),0< g <1 (8)
o, (1)=3Ke, (t) 9

In these equations, S, (f ) is a deviator part of the stress tensor O, i (l‘ ) , € (t ) isa

deviator part of the strain tensor &; (t ) ; G = ———— is the shear modulus; GOC is
2(1+v)
the long-term sear modulus; K =———— is the expansion modulus;/ is
3(1-2v)

Poisson’s coefficient.

1 . . . .
Assume that—¢ o, is a spherical part of the stress tensor, while 5 g isa
37 3
spherical part of the strain tensor.
From formula (8), we can obtain the direct and inverse relationships, that is to
denote S; by €; and put it inversely.
We have
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s, (1) =2Ge, (f)—zf 9:;;_1( 1 )e,, (), (12)

b B
where
G=G-G,
Analogously, we obtain

e,,(t)=%s,,(z)+ G o (- Gw) 13)

2G?hge T Ghge
Note that the following relationships are true.
DL f(t)=1,D"f(t)=f (1), £ (0)=0 (14)

From formulas (9),(10) and (14), we obtain

1
O'if(t):Szf(t)+§5ifo'kk (¢)=

2G 2G .. 1 1
_ 265, (1) +( X _T)@_Jgkk ()~ % (- - J(s,, ()=30/8u (t)) (15)
G G

From the last formula, we have

2G 2G ., 1 1
O-ij,j = 2G(Z/Ii’jj + Z/lj’ji)-i' (K — T)uk’k, _chaaﬂ‘l (— b )(ui’jj + uj,ji —guk’ki) =
G G

4G 2G 1 2
=2Gu, ..+(K+—ju. = O (— — J(ul =, .,.), (16)
i 3 JsJ bG(} ;-1 bG(J N/ 3 JJ

where U;,1 =1,2,3  denotes the component of the displacement vector

u= (ul JUy, u3) of a single mass point.

In the absence of the massive forces, the equation of motion is as follows:

o'u
O-ij,j :IO?D (17)

where O is a density.

If we insert (16) into (17), and if we sum up the result with respect to i =1,2,3,

we obtain
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4G

#u 26 - K3

?_FAL‘_ p grad(div(;t))+

G )
AT (Au-—ar(ﬂ+—gra i um=0 (18)
pbie | 3

Let us present the displacement field in the following form:

0= grad((o)+rot(z,/7) (19)

—

where @ is a scalar function of coordinates X = ( X5 X5, x3) and time !, while ¥/

is a vector function of coordinates and time .

It is obvious that
div (z;) =A@
because
div(mt(l//)) =0
for every vector.
If we insert these two last equations into (18), we obtain
4G
+ E—
3

2 27 K
grada—(f + rota—w — E(gradA(o + rotA(//)—
ot o,

¥ gradAp+

+ ZGa_ - 1 (gradA(p+rott//+—gradA(p)=O
pbie | peo 3

From this, we obtain the following equation system

&0 K*% 5 2G |
99 3 Ap+2 g
b

C) Ap=0 (20
at2 p 3 pb(GzG lZ(;—l ] ¢ ( )

, _
OV 26 0y 20 o oLy, =0i=1.23 @)
ot 2, pbse '

Let us introduce the following designations

P(O)(Q,EJZPO(O)(E,E)+ 106 I _ 1 PI(O)(Q,E} (22)
ot Ox ot ox) 3pble bie ot Ox

where
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4 4
ofo o) & K¥36  p K+30im m
| = —|=—- A=—-— —+—+—| (23)
ot ox) ot P ot P ox; Ox; Ox;
2 2 2
Pl(O) é)i :A:6_2+8_2 6_2 (24)
ot Ox ox; Ox; Ox
po(2 2 =P<”(2 3)+ 26 o[- P(”(i i) (25)
a’ox) " \arax) ppre T pre |TU o ox
2 2 2 2 2
w(2.2)-2-% :a_z_ﬁ(a_z+6_2+6_2j 26)
ot ox) ot Yo, ot p \Ox; Ox; Ox;
2 2 2
Pl(l) g,ij= =8_2 8_2_,_8_2 (27)
ot Ox ox; Ox, Ox;

3
In these formulas, 7 € R' (xl,xz,x3) eER.

The following theorem ([3]) is true.

Theorem. Assume that M is an operator, whose symbol is
M(4,0)=Y(®(4)) P(4o), (28)
s=0
where @ (l ) is a function hyperbolicity.
Assume that P() is a strictly hyperbolic operator with a bounded surface of
normal. Then, in order to let M be hyperbolic inS", and conserve this property, at

any small real disturbances of coefficients of the operators f;; §=0,1,2,-+ it is

necessary and sufficient that the following inequality is satisfied

B (. 90)

k, (a)) 4
2P (4.90)
di A=c;(@),920

>0,/=1.2100 (29)

If (29) is satisfied, then SupE(t, X) cK and the equation E(t , X) =0are

not satisfied in any region of a point Q € 810( (where E(f ,X) is a fundamental

solution of the operator M, describing the spread of disturbance at a finite speed,

K is a cone of spread of the operator E) )-
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Considering (22), if we compare it with (28), we shall obtain

K+iG
P (%,90)=P" (hod)= 1 ——3— ¢ =
Jo,
K+EG ‘/K+EG
a3 gl 3 g

"z 7

B(4,90)=PB" (1,09)=9 (30)

Let us calculate

9 9’ P
k(o) = fis = = >0 (31)
{2) A 22,50 _K+EG 2 K+iG
P
'92
b (0)=7" =— P 50 32

K+§G
A=— \/; 9,9#0 2(K+3G)

10G
3pb5°

from this Theorem and formulas (31) and (32) that the following Theorem is true.

Since @ (t) —

3,1 (_b% , tJ is a function of hyperbolicity, it follows
G

Theorem. The operator (22) is hyperbolic in S’ , and it conserves this property

0 0
at any small real disturbances of coefficients of the operators POO ( —) and

o ox
(2 9 . .
P 5 ,a JIf B, (f , X) is a fundamental solution of the operator (22), then
supE, (1,x) < K = (r.x);t> LM
1G j

K+—
3

and the equation E, (f » X ) =0 is not satisfied in any region of a point O € 810( .

Analogously, the correctness of the following Theorem is proved.
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Theorem. The operator (25) is hyperbolic in S, and it conserves this property

0 0
at any small real disturbances of coefficients of the operators Po(l) [—,—j and

ot Ox

R(l (at P ) If E, (l‘ , x) is a fundamental solution of the operator (25), then
X
. P
supE, t x cK= tZ £,_ X

and the equation E (f =0 is not satisfied in any region of a point O € & K .

At the end of this work, let us make several conclusions coming out from the

results obtained.

Assume that |/ =0 , then it follows from (25) that 2 = grad (@), rot (;t) =0

This just shows us that particles rotation does not occur in the wave described

by a function @ , that is to say that each of them moves forward. These waves are
called longitudinal. By this means, (26) describes the spread of longitudinal waves.
Assume now that @ =0, then = rot(z}) . In such field, the spatial expansion

is equal to 0. Indeed, div(;) = divrot(l/—;) = 0. The waves having such properties

are called transverse, or the shear waves. That is to say that (21) describes the

transverse waves.
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