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39M99GH05 5 GHM3MEMY0s

31033GHMGHNM d3qJMs Tglobgd 159y36BMBoEgd06 sg306me
5ML3MmM03 3039MLodGBHY9do

6520096 bsd@Isbos

53530 §9Mgmmols bsbgdfonm »boggmliodgdo
J950b0, Lodo®mnzganm
razhdenkhaburdzania@gmail.com

3560b0¢m985 3356300980560 V2 B©s3060 0bgsbbm8oergbosh gsgstro939cm
500696 Ai=A 4 U.A.: bogGeado,  bssg A; 560l bsds6bmdoangbosbo P
3602996029¢0 bozmiol bAGAIAIGOL d9eabyg s6sbs3790(030 30396L0B8GBYY. V2 Bgs306l
835(133929C00 poboor dor9t00985 Je2drs30 93960 R= (A, AI. s Aa )
(i =12; a= 3,4) bsop Ae V2 ) {AI., Aa} C A; . V2 Bgs306%g oly 3066930
899 bog@o fogdom Fooagboer dgoergdaer (601 , 602) Bo@gl, G2d (AA) poB9980
Pomdmsagbgb ' pocgBobscodo FbgBgdl. Geags A FaBBoco  gsss@80r@g8s V2
Y0306y, Gsdob Aj,Aa Pt Hoar9dosb oommgricmo A; 30396b08GHg930 sepI096
(Al. ),(Aa) m0356Dm30er98056 bys30698L, Gdegdbgs 6969860350 s00mEgb09B056
(wl,a)z) poGos 8sggbo. gsbobogrgds ol Jodorbzazgdo, Gogs gb 8sggbo 07698056
sbod3d B IMmo Bsggdo.

Us39560m bo@dg3980: s(sbszriohog0 3039GL08GGY), JmdHs30 G93960, G9rmegdeicro
85y, sb0I3HMALIGO B5Qg.

29630b0@mm  MOBBMBomgBOBO BgEsdoMo V, mmbysbBmdowmgdosh
3OBIOOMPOM  55306H Aq =A, U.A.; Log®agdo, Losg A, sGob
Lodo6%Bmdogdosto P, 3Gmgdaommo  bog®Eol  bE®WIEwm@ol  8dmby
50515 3M030 3039MLodMEYY (Bassries 1978: 3).
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dogmgdomm  V,  %Bgosd3o®lb  8mdesgo  Mg3gco R = (A, A, A, ) ,
(i =12 a= 3,4), Locosg A€V, 4 €T, (A) (T, (A) SO0 AOBIHOMIDMIO
dbgdo 2-LodGEyg V, Bgwsdomobsdo A fod@owdo), A, FodGowgds 30
B9@Bgreos T, (A) 8o s6s8gdsty BydoliBogho Gam@omgdo obg, Gmd 4,, A4,
FaOBH0@gdo Fo®dmygbgb Lsgmm 8gds®yMdOL FadGowms LobEgdsh A—

do.
3md350 R ®33900L go68Lsbogtgmo A, 4, A, FadGHowgdo asBgbowos
Z,Zj,Za 399390000 Fglisdsdolso. 35ob sbgmo MHg39Mol EIMHOZ530w9M0
RO gdos:
dA=wl A+ o' 4,
dAi =0 A+ 0] A; + 07 A,
dAe =0’ A+, A +0f Ap,
(i.j=12; a.B=3.4) (Punuxos 1948).
@06 A} 30396L0dOGYY 7135305, 500GH™®A
o =w=0.
V, %gws30m0 R H93960b 8085600 3o60bsBng®ads
o” =0
©0RgMIBE0NG 2BGHMWdsms LoliBgdom ©s @' BmGIGBO GoBdmswpgBab
3005350 gmMIGOL  (Fsg5M0  35M5dgBHMgdol  orgMabEosmgdol  Maog
BMOAGBL, HMBGBOE 30RO IVIE A FaBBHowl V, Byws3omoy).
00 LoLEGQAOL  2oa®™AdgEgdom s JoMGHboL  gdol  gs8myqbgdoom
3ROILMdO:
o] =bjo’, (b; =b; )
(i, Jj=12; a= 3,4). 8585L558g, @ 035m0 FMMAgdos (Xabypasanus 1981:
137).
on  V, %gosdocbg 8mggdmmo  agsdgl X, = (a)l,mz) fotos
3gnewdnee By © (44) Gomggbo Gtdmiopgbob dbgdgdh @'
Fomgdolsdo A €V, §ab@owdo, 85306 @ am®Igd0 801535605
o =a,o", (i#); i j.k=12).
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005l 290,
by =0. (i # /)
(bassrmer 1966: 9).
3bmdowos, M8 oy bgsdoto V< F, @5 59 Bgoedomdg sGLgdmdL
F9M0EgdMEo  dSEY ZP, 35906 ¥, 93060 ymggmo Bmddaobyios

Fsldy  gosBbL  5x0bE®  dIMWMBL. v YgmEgdo D, dd©g o8

p

09EMd53o 508MBBEYds HgMmEYBOIMO dsY, 35d0b Jogz0mgdo:
ah, =0, b} =0, d, =0, b, =0.

30J300 4 §aBHO@O @IS V) bgsdo®dy, GmBgmbyg fodms
2, =(a)l,a)2) 059 M0l FgMLEado s dgmEgbon®o (Bassites 1974:
189). 4,4, Bod@Howgdosh mommgmmo A 30390LodGEYyg8o, Bmas©
B90obgggsdo,  sufgfgs  (4,).(4,)  pbbmBomgdost  Byos3ocgdl,
OH@Igd%3 3690035 50dM 3969056 (a)l,a)z) Godms doggdo. (A4, A4,
BaOBHOwgdo s06gmg6 @’ Fodl (A,.),(Aa) Bge300%Y, Hmas 4 FaOGowo
V, 090306%g 3505030@m@qds @’ ool aslamog, i, j =1,2; o =3,4).

293563300 (A,.),(Aa) B930MH9006 MomMmgmaby FoMoms (a)l,a)z)
359 MmOl 046905 SLOISGHMEBHNMMO d5Y. (\ﬁoﬁmb(a)l,a)z) dogl 9fmgds
2bOA3BHMEHWIO0, M oL FgAb0Eos SLOIZGHMEHWGO FoMgdol MmMo My sbom).

BoBgobommom (4;) bgwsdoto.

d?‘h = 0)1121 +w{22 +wf23 +(1)1424 =a)1iz_€i1 +a,o 22 +b131a)123 .
3sBobosdy, @' Fodo (A) bgosdotdy gbgds (A4 4;) Gomgb 4,

FoOHowdo, bomm @ Fodo 30 - (A1Az) FOxgL 08539 4, FaoSHowdo. g.0.
(A1A2A3) LodMEY Fomdmaygbl (Al) Bgo3060Ls©I0 Bbgd LOd®EYIL 4

Pom@owdo, bmem (A1A4) §Ox39 00 Bge30M0L5@I0 M0l 30MZ3gE0 235Gl
Beadogno.  (Bgsdomolodo  dmEgdne  FghGHowdo 300390 335mM0L
Bm®3sgo ghmgds §Oxgl, Gmdgwog o0 8gdsMgmdl Bgsdotmolsdo o3
PodGHowdo  aogemgdye  dbgd  LodM@ygdo (Hopzer 1976). s0o0Bmd o8
B9306BY 508m396@gds S1033BHMEHMO BMMIs:
D, =00 +0’w; .
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OmamdE 36mdowos D =0 Fomdmsagbl sLod3EMEHMMO dool FoMoms
MO0 xSBoL  ©oxgMIBE0SWE  ABEHMMAdSL.  MoEysb a); = b;za)z (N
0] = 50", dm3)92w BgBcb3g3580 ZRNBMdO:

s(a)l)2 +b3, (m2)2 =0.
4
0509 0gb9ds 653300, ;v % =—a’.

030d690>:
(a)l)z ~-a’ (a)2)2 =0.
8535U558), @' +amw” =0 0d3BHMEHIH Fodms gHmO Mmxsbos, bmm
o' —aw’ =0 - dgméy mxsbo.
RSN GIpt¥ory [ORTLe) (Az) D93060Dg3 3090M@Mdm  SLOI3BHMEHOHJOOL M
X obl.
A, s A, GoOEHowgdo Fggmmaglemom (A1A3) > (A2A4) O 539900L dgmery
3™3MLodL Jglodsdols. 3GOLIEIMDIo:
0} =ho3, o, =ko,, of=to’, 0,=q0' +ro°,
o =uo' +vo?, o =0, o} =ho!, 0! =so'.
(bsd@dsbos 2017:226).
Bo3035c0mm, HMA gl 30MMdYdO FglM¥IEgdYE0s.
a9630bowmom (A3) B9g3060.

dds = 0} As + 0\ A + 0 A> + 0} As = 03 A +(qa)1 +ra)2)21 + 3 (;12 +h24)

803009m, H®A LOdMEYY, HMBgaoa a3l 4, 4 FadEowgdby ©s A>+ h Ay
3093m60m gsBgbow FadGowby gbgds (4;) Bgwsdo®l A, FabEowdo.
29630bomo mMHo Gadmbgags:

1) Bogdmmo LodMEyy 98mbggzs (A3A1A2) LodMEYL. gl Bmbds
85806, Omgs h=0.
o =0.
29353M39Mm gl MBsBIMEMdY, 5dMm3094gbmm J5MEHobol 9gds (Kapran
1949) s dog30090m, HMI

2
®; =co” .
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53 G9dmbggzsdo o' fomo gbgds (A3A2) §OxqL, bmem o’ oo 3o, -
(A3A1) oxg 4, GadEowdo. 306390 3350l BmmIsewo 0dbgds (A3A4)
o9 (A3) Bgo300%g  sLOAZBHMEMGO  ddOL  EOFINIBEFOSEY®
3963™egdsl 9d69ds Loby:

D, =0'o, +0’w =0.
@506 @) =by® ©> @ =0 3098mEMdN:
byho'w* =0.

59956 50mBEOBGHMBL, GMd @' =0 56 @ =0. 8585b5sdg ®' ©s @°
H0oMgd0 soI3BHMEYMHGO0S.

39630b0wmm A4; s 4, FaOGHowgdOL 2590V o' HoMob asLfzcmog
(9-0. ®*=0).

dds =@ ds +qo' 4,
dA = a)fjl +Efla)123.

358sbsadg, Gmgs 4, Fabdowo (4;) bgwsdotdy syl @' Fol, 56
Hogs Ay addowo (4;) bgsdomby safgdl @' Fomb, 85806 (44;) GOy
dM9309. 58 gdmbgzgzsdo ( Al) B93306Bg sLOIZBHMEHWOHO MBS VOMEMBL
Lobgls:

D, =0'o) +@’w; =b;, (a)2 )2 .
9L 603Bagl, G™I (Al) 9953060 30 2565396500, beewm (A1A3) fOg39 dobo
Fog030 Bbsbggwos s (A3) 93060 g8mbgggs (A1) B306b.
2) dAs F90degds sy Bogfgdmo:

-

dAs =a)3323 +(qw“ +ro )Al +a);’(222 +Z4).

30d35m h=0. 85306 6032 =0. 30 0658OEMBOL  ASM3AYIBOD @
3903960l @gdol 2odmygbgdom 3wgdvEmdo,

(alzzq + sv)co1 Aw’=0.

500 o' Qo o’ R3MHIJO0 FOHB035 ©IMY300JOJ0d, 530GH™A
a,q+sv=0.
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58 3980393580 (454, A, ) Lode®yg gogds (4;) Bgsdol 4, Fam@owdo. o'
fomobacBo (A4, ) §H5g Bbgdos, bamm @ Fomobswdo (44, ) Feggs dogdo.
(4;4,) $6:89 Fs63mswagbl 3063900 Gogol Bamdsmb (4;) Bgosdomobswdo
A; FadBHowo.
D! =0'w; +o’w} =0
2396@MEgds 0dbgds sL0I3GHMGHMMO doEOL OFIMIHE0IMMO BB MMGdS
( A3) Bg300BY.
M50
w; =uw' +vo’, o} = a0,
530@™0 sL033BHMEHWYO FoMmms MO MY IBOL PobEHMEGDdS VIOMEMBL Labgl:
u (a)l )2 +vo'o’ +a, (a)2 )2 =0.

sBamegonye gobobomgds (A4,) Bgosdotol Bgdmbgggs, G5 O™

3RIOILBD, OMI, GO
av+ig=0,
35806 (4,4, 4;)  Lbodoyy  fo@Bmoopgbl  Bbgd  Loddaygl  (4,)
Bgs3060bsdo 4, Fom@Eowdo. @' Fomolswdo dbgdos (A4A2) B39, beagom
@ Fotobsdo (A,4;) §OBgs Bogdo. BYEs30H0lsdo 30639wo 33sMOl
Boaadoqol Gocrdmacopgbl (A4,4,) §O8g o sboB3HMANHIPOL mGO mxsbob
39563 Megds 0gdEMmdL Lsbgl:
a, (a)l )2 +r(a)2 )2 +qo'o’ =0.
(35039 39630b0 M Fganbgygzs, GmEd
as,q+sv=0
{tq +ayv=0
9) ¢ 5V 9HmOOHMM@s© 5ol Gmeos. 35306

o, =ro’, o, =uo.
53 8980bg93080 O gm3mbmyeo FoMol aob@memagds (badw®dsbos 2017: 226)

©90wemdl Lobgls:
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580@md ob mbAmbzgma Goggms Fygzomo bogds, ool A, ©s A4,

BoOGHomgdBy ©d dobo  3membo  gdmbgggs (A3A4) foggol  3meemlls
(Pozendensg 1956).
50 9gdmbggzsdo (A3) D9s3060Bg  LOT3BHMEBHMOHJOOL  MMO  Mmxsbob

2396 MEgds gdMEMmdL Lobgl
2

2
u(o') +a (a)z) =0.
3 a122 _ 2
59 046905 658300, HmEs —==—C".
u
o' +co’ =0 SLOIZBHMEHMOPOL  gMmo  mxsbol  ABEGHMEgdss, bmerm
' —co’ =0, - 30 Jgmry MxboL gEBEHMEIdS.
3BOEOMQO0MES, (A4) B9s306%g 80300900  SLOIZGHMEHVIMGOOL MO

™) obol 296EHMeEgdsls.
d) ¢ ©5 V 9MmnEOHMMs© 6490l so@Eme0s. dsdolissdy
2
a s
12 1 — 0 i
r a,

Lo0bs3 afz =ut, s= ,ua)j . 0085bogsdy
o} = uw,, @ = po,.
59 bobGgdgdol  2oaMmdggdom s  J9OAEMBOL  @gdol  gsdmygbgdom
3Q)OYL M
st=a,-d, .
59 MmU:
) (4) %gosdotby  sbod3dmEn®gdol  mxsbol  asbEHmmgds
090 mdlL Lobgl:
b, (@ )2 =0
go.  (4) bg3060  psspgeHEgRs,  bmwe  (4y)  Bgosdomty
SL033BHMEHMMIOOL MK bOL gobEHrmegdss
o' (ua)1 +vm2)=0.
8585589 @' =0 35083BHMEHIOIDOL JHMO MRsbOs, boem u®' +vo® =0
, ~30 89y Mxsbo. 38 HML (4,) ws (A4,) Bgs30mgdbg sLoB3EHMENOIO
56 0(33¢0g0056.
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2)  sbsgrmaonMo (A2 ) DIOI0MO  OWIRZIMPYdS, MO0
2bOA3BHMEHIMHOOL My sbOL QoBEHMENdS WgdMEIMdL Lsbgls

bfl(a)l )2 =0,
begom (A3) D9s306HDY  SLOB3GHMGHVMGOOL My sbgdl  9dbgdsc 0039
2BBHM@gdNV0, oz Fobs Fgdmbgggzsdo. (A1) o (A4) Bs30O9dDgy 3o
2bOA3BHMEHMHIVO 56 TJo(33¢006.

3) (Al) o (Az) BIIZ0MIBO  GONEOMMWIO  IIZ3IOIB06. 59
399mbg035L 30 96 obgobosgo.

5860030, B396 ©2358¢30399 8980 ©YOYYDS:

0gmeg8s. 3004350  MMbABDMI0WG0D  FoBMDMGOME  sx30bwM
As = A, A Bog®pg8o 8mmsglgdre mmasbBmBomgdos ¥, bgosdomty

Hotos (a)l,a)z) 059 F9MOWPPMo s dgMIBo©os.  35dob 53

B9s30M0LsI0 533990 Fgbom doghomgdmmo dmdMsgo R H93gMol
0390900 805L53MMM03 303gMLOdMEYJFo JoMgdE Hgs30mgd By swfigMgb
sb033BMEGHMHO FoMgdol MO M sbU.
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Geometry and Topology

Asymptotic Nets in the Improper Three-dimensional
Affine Hyperplane

Razhden Khaburdzania

Akaki Tsereteli State University
Kutaisi, Georgia
razhdenkhaburdzania@gmail.com

The two — dimensional surface V2 Is considered in the four-dimensional extended affine
space K4 =A 4 U-A.; ., where A; is a three-dimensional improper hyperplane carrying the
structure of the projective space P3 . A moving frame R= (A, A, 5 Aa) (i =12; a=3, 4)
Is attached to the surface V2 according to a certain rule, where A € Vz , {A,. , Aa} C A; . We
choose a conjugated net (a)l , 0)2) arranged by geodesic lines on the surface V2 so that the
straigt lines (AA,. ) represent tangent to the lines @' . When the point A moves on the surface
V2 then each of the points AZ-,Aa describes two-dimensional surfaces (A,.),(Aa) in the
hyperplane A; , on which naturally arise nets of Iines (a)l , o’ ) . The cases when the nets are

asymptotic are considered.

Keywords: Improper Hyperplane, Moving Frame, Conjugated Net, Asymptotic Net.
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Let us consider the two-dimensional surface V, in the four-dimensional
extended affine space X4 = A4 U.A.;, where A; is a three-dimensional
improper hyperplane carrying the structure of the projective space P,.

To the surface V, we attach a moving frame R :(A, A,.,Aa),
(i =12; a= 3,4) , where AeV,, 4 €1, (A) (T, (A) is the extended
tangential 2-plane to the surface V, at the point A4), 4,6 &7, (A),
{4.4,} cA].

Let the determinative points 4, 4., A, , of the frame R be generated by the

vectors A, Ai, A« respectively. The derivation formulas for the frame have the

form:
dA=alA+o' A,
dAi =0 A+o' A, + 0" A,
dde =0’ A+ A+’ Ap,
(i.j=1.2 a.B=34).
Since the plane A} is immobile then @’ =®. =0. The surface V, is defined

by the system of differential equation ®” =0 to the frame R and the forms o’
are the main forms.
The continuation of the system and the use of a Cartan lemma can be given

in the following way:
of =bj”. (b =b]), (1) =12 a=34).
Consequently @” are main forms.

If the conjugated net of lines (a)l, a)z) is given on the surface V, and if the
straight lines (AAI) are tangents to the lines @' at the point 4 €V, then the
forms @] are main and

o =a.o*
(i#Js i.j.k=1,2), besides b, (i # j).
Let us say that the point 4 moves on the surface V, where the net of lines

(a)l,a)z) is conjugated and geodesic. In the general case, each of the points
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A, A, describes two-dimensional surfaces (A,.),(Aa) in the hyperplane A
on which the nets of lines (a)l, a)z) arise.
Let us define the case when the net of lines (a)l, a)z) is asymptotic on each

surfaces (A,.),(Aa). (The net of lines (a)l,a)z) is called asymptotic on the

surface in case it is formed by two families of asymptotic lines).

Let us examine the surface (Al) .

dA =0 A +0} 4>+ 0} As + 0 Ay = 0 A + a0” A> + B 0" As .
Consequently the line @' touches the straight line (A1A3) on the surface at
the point A4, while the line @” touches the straight line (AIAZ) at the same
point. So, the plane (A1A2A3) represents a tangent plane to the surface (A1) at

the point 4, and the straight line (A1A4) is the first kind normal to this

surface. (The first kind normal, to the surface at the given point, is called a
straight line that does not belong to the tangent plane gone through the point

mentioned above). An asymptotic form:
D, =00 +0’w; .
arises on the surface.

As it is known @, =0 represents a differential equation of an asymptotic
net and two families of lines. In this case we have the following formulas:
o) =b,»° and @} = so' and we get:

s(a)l)z +b3, (0)2)2 =0.

4
A net is real if —22 = —g”. Then we have

s
2 2
(a)l) —az(a)z) =0.
Therefore, @' +aw’ =0 is the first family of asymptotic lines and

@' —aw’ =0 - the second one.

Similarly we get two families of asymptotic lines at the point 4, as well.
If we coincide the points 4, and A4, to the second focuses of the straight

lines (A1A3) and (A2A4) then we have the following forms:
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o) =ho;, o, =kw,, 0} =te’, o,=q0' +ro’,
o =uw' +vo’, o) =0, o] =ho;, o) =s0'.
Let's suppose that these cases are fulfilled.

If we examine the surface (A3) ,

dZs =a)§’23+a)§21 +C{);22 +a)3"'24 =a)3323 -l--(qa)i —l—}’a)“j21 +a); (22 +h24)

we get the plane that goes through the points 4,, 4, and A>+hAs generated
by a vector and it touches the surface (Ag) at the point A,.

Now let's consider two cases:

1) In case the plane (A3A1A2) coincides with the received one, then an
equation of an asymptotic net on the surface ( A3) is:
@, = b3 () =0.
This means that the surface (A4) is developable, the straight line (A1A3) is
its formative and the surface (A3) coincides with the surface (Al) .

2) d A5 can be written as follows:

d23 :w3323 -l--(qa)1 +row )Zl +a)§' (hZz +Z4).

Based on the conducted calculations we get the following equation of two

families of asymptotic lines:
2 2
u(a)l) +vo'ow® +aj, (a)z) =0.
We can similarly examine the case of the surface (A4) . When
1 1\2 2)\2 1w? =0
azl(a) ) +r(a) ) +go w” =0,

it represents an equation of two families of the asymptotics, on the surface

(4,).
Thus, we have proved the following result:

Theorem. Let the net of lines (a)1 L@ ) —that belongs to the two-dimensional

surface V, in the four-dimensional extended affine space As=A,lLLA — is

conjugated and geodesic. Then the vertexes of the moving frame R, that are

attached to the surface according to a certain rule, describe two families of

asymptotical lines to the represented surfaces in the improper hyperplane.
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