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Lo
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2
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d399mo  309eolbdgdm, ®md (1) 9bGHMEgdol Mgy sGYIEro
u= (ul, u, )T 59mboblbo 53059mz0egdl G999 30MHMBYOL:

_ ( _
ueC%Djﬂtﬁvj,mzﬁ%riéiecjvjﬂtﬁnj

sbews 8936086mm, G@d D' 56980 Ggames®eo u:(ul,uz)T Qo

V=(V1,V2)T 399&H™O-316930980L5M30L  sEYOEo 5J3L AMobol F9day
ROIMwsl (Cranazze 1978: 159-165)

j+ [V (x) A(&x.v)u(x)+ E(V.u,v) e = j (v (»)] [Tu(y)] &S,
boo3

LV ()= L@V (») = [V(m )2

v, aV]

2

Tu(y)=T(8y,v,n(y))u(y)=[rl,rz, 0 (51 auﬂ

on (y) v oy,

7, =2y?2((y))+znl (y)divu(y)+(vA+,u)n2 (y)(%uf—%u;],

ou, () Oou, Ou,

0 =2 (y) +n, (y)divu(y)—- (vA+,u)nl(y)(6y1 a),
0 8 o 0

an(y) 2 8y2 ’

n(y)=(n( y) 1, ( y))T S Goobsdo  y=(¥.r,) FaOGHowdo
3930900 3569 Bea®dserols Gglisdsdolo ghmgermgzsbo 39J@™EMm0s;
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E(Vuv) E(uV )
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ox, \ ox 8x2 ox, Ox,

(3) b OmEs V =u ?53*52]815

divudivV +
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J; [u (x)A(ox,v)u(x)dx+E (u,u, v)]dx = J:[Lu (y)]+ [Tu (y)]+ ds, ()
Los3

2
0
E(uu.v) = 3/1+2/U|d, |+2y2{_+ﬁJ 4

=\ Ox, Ox,

2 5 2
0 (Ou, Ou
”z(ax Ox J ; [8xp(8xl Ox, ):|

(6)-9b Boms BBL Bmd £ (u,u,v) 5005 PoblsBO3G MO

339Q0MGHWWO BMGTS. 5TLbMb E (u, u,v) =0 256 Mm@gd0lL 59mbsblboos
u (x)=b —ax,, u,(x)=b,+ax,

Lsog @, b, s b, 6xdoldog®o 653gzowo dmwdog9d0s.
sbews gobzobowmo gmbjzombsgro

H(u,v)= J. E(u,u,v)dx, 7)

pt
Los3 E(u,u,v) 239BLEBOZOM0s (6)-0m. Bgdm 50b0TbI0EL (3boos,
™A (7) ©50900mMo© 35bLOBMZMmWY0 BwbJ30mMmboros.
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39JOMO-ggb0ss.
50bodbo  sdmEsbs  FoM3moagbls  dmIgbGHMMO Y39 MBOL

9008 bEAGHOZoL 30639 Fogs Lo BOZIOM 58m3sbsL ©s ol (1);

503608b530.
(£ ); 593565 205Bb0s 9O YMHMO  58Mbsblbo s gl 58Mbsblbo

3mG9b30swms  dgom@ols s 06@JIMONH  4obEMEgdsms  dgMEOol
359mygbgdom ImEgdmeros 3. dsdgegodzool Bgdmom  B0mOmMYdIIO
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[[(@+env)=] [(w.v)+2¢] [(w.hv)+&] [(hv)>0,

(10)
Lo

H(u,h,v)= I E(u,h,v)dx. 11)
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In the paper the boundary value problem of statics of the moment elasticity theory is
solved by variation method in the case, when on the boundary a simple connected finite plane
domain is given a displacement vector and rotation.
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10. The homogeneous equation of statics of the moment elasticity theory for the
two-dimensional case can be written in the matrix form as (Basheleishili)

A(@x,v)u (x) =0 ’ )

where

A(@x,V) = I:Ak/' (Gx,V):IM

A, (0x,v) =S, A(u—=vA)+(A+ u+vA)

2

Ox,0x

J

’ ka]:192

0, is kroneker's symbol, A is the Laplace operator. u = (ul,u2 )T is vector
displacement A, £z and v are elastic constants. In the sequel is assumed that
u>0, v>0, 34+2u>0 ()
Let D" be a finite two-dimensional region bounded by the contour

SeC*, O<ax<l

. T, . . .
A vector-function u = (ul,uz) is said to be regular in D" if

ue (D )refD’), m:Mec"ﬁ"ﬂﬂf@*).
Gy
Note that for a regular = (u,,u, )T and V' =(V,,V, )T vector-functions we

have the Green formula (Svanadze 1978, 159-165)
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I [V(x)A(@x,v)u(x)+E(V,u,v):|0LY = I[LV(y)T I:Tu (y):|+dyS, (3)
where x=(x,,x,)e D", y=(y.»,)eS,

LV(y)=L(ay)V(y)=[r<(y),V2(y %V—gﬂ |

Tu(y)=T(8y,v,n(y))u(y)=[rl,z'2, - ?y)(iif gyiﬂ ,

8
7, =2 ne ((y))+)tnl (»)divu(y)+(vA+ p)n, (y)(Zif _%u;)’
r =2u ;z((yy)) +am, () divu () - (vA+ 1), (y)(%f—%j),
E(V,u,v)=E(uV, )—?’)V3 2 divudivV +~ ﬂZ(Gx Z qJ(ZZP+g:?J+

I A AN R A KR A
3" palox, ox, )\ ox, ox, mox,\ Ox, Ox, )ox, ( Ox, Ox,
4)
From (4) when ' = u we obtain

J; [u (x)A4(ox,v)u(x)dx+ E(u,u,v):chv = _[[Lu (y):|+ I:Tu (y):|+ ds, (5)
where

2
34+2 ou, Ou
E(u,u,v)= 3 'u|d ul> +— ,uZ(ax aqu +
P

pP#q
2 2
A ﬂz TR ) S R S R
ox, Ox, = | Ox,\ Ox, Ox,

Owing to (2) it follows that E(u,u,v) is the positively defined quadratic

form also note that the equation £ (u, u, v) = (0 admits a solution
u, (x)=b —ax,, wu,(x)=b,+ax,
where a, b, and b, are arbitrary real constants.

Let us consider the functional

H(u,v)= _[E(u,u,v)dx, (7)
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where E(u,u,v) is defined by (6).

According to these results we can say that (7) functional is a positively defined

quadratic form.

20. Solution of the first interior boundary value problem. The first interior
boundary value problem of statics is formulated as follows (Basheleishvili): find

a regular solution of equation (1) in D" satisfies the boundary condition

[L@)u()] = [ul(y),uxy),iyij—g‘—jj f0). veS. ®

where f e C™* (S)., a<a<l isgiven vector-function.
Let us denote by (] ); the (1) (8) problem. The following assertion is
true.

The (I )J; problem is uniquely solvable.

Let us now prove the following.

Theorem 1. The vector-function u = (ul,u2 )T minimizes the functional
(7) is a solution of the problem (] ): only if the condition (8) is fulfilled.

Proof. At first let us proof sufficiency of equality (8). Let, f ( y) be such
that minimization of the vector-function u(x), of the functional (7) satisfies
condition (8). Let us show that the vector-function u (x), is solution of
problem (/ ); :

At this end let us consider the vector-functon u (x) + 8h(x) where ¢ is an

arbitrary real scalar constant, and h=(hl,hQ)T #0 is an arbitrary regular
vector-function in D" and satisfies the condition
T +
+ 7] 7]
[L(@)h(y)] = (hl (v).h, (y)s—hz-—hJ =0, yeS. (9
oy Y,
Elementary calculations yield (see (4), (6) and (7),

H(u +&h,v) EH(u,v) + 28H(u, h.v)+ SZH(]’I,V) >0,
(10)

where
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H(u,h,v)= IE(u,h,v)dx. (11)

D+
From (3) if V' =h by virtue of (9) and (11) we obtain
I h(x)A(@x,v)u(x)dx = —H(u,h,v) . (12)
D+
Let us note that since in (10) ¢ is an arbitrary real scalar constant and the

H(u,v) function at u ( x) attains minimum therefore we have
H(u,h,v)=0 . (13)
By virtue of the fact /(x)#0 is an arbitrary regular vector-function in
D" therefore owing to (13) from (12) it follows that u(x) is a solution of
equation (1) in the domain D" .

Finally, from the above arguments and the fact that problem (7 ) has a

S
unique solution we conclude that if (8) condition is fulfilled then the

minimization vector-function u(x) of the functional (7) is a solution of the
problem (I );
Now let us show necessity of condition (8). Let f()) be such that

minimization vector-function u(x) of the functional (7) is the solution of
problem (I ); We shall show that condition (8) is fulfilled. Since the
minimization vector-function u(x) of the functional (7) is the solution of the

problem (I );, owing to uniquenes theorem, we can conclude that (8) is

fulfilled.

Finally from uniqueness theorem and Theorem 1, we conclude that

minimization vector-function u(x) of the functional (7) is the uniquely

solution of the problem (I ): .

215



