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On boundary properties of Bliashke-Djerbashyan
Canonical product
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Kutaisi, Georgia

The paper establishes sufficient conditions for Bliashke-Djerbashyan Canonical product,

in order to have angular boundary values.
Keyword s: canonical product of Blaschke - Djerbashyan, angular boundary values.

For the beginning, we have some definitions:

C - the Field of complex numbers.

D = {z:|z| < 1,z € C} - Unit disk.
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Vo (eig) — Stolz Angle, is an angle equal to 2¢,0 < ¢ <m/2 and is
formed by two chords that come out of the point e'? radius [0; eie] is bisector,
0< o <m/2

Ago(eie,z) = {z: |z — ei9| <l-r,0<r<1,ze€ (C,} N qu(eig) —
triangular neighborhood of the e point.

By M denote the closure of of the set M.

The limit limg f(z) = limg f(2) is the angular boundary value of the
z—et z>el
zeve(eif)
function f in the e point.

Blaschke Product plays an important role in the study of boundary values
of the analytic function in the unit disk (Blaschke W, ... 1915).

~la a, —z =1 1—|a,|?
B(Z' (an)) =Z/11_[M = Z)“l_[ <1— I_Zl >,
1 lan 1- a,z n=1|an| 1- a,z

where A + 1 is natural number, 0 < |a,| < la,+1] <1, lim|a,| =1,
n—oco

+0o0
2(1 —la,) < +oo.
n=1

In case, when Y% (1 — |a,|) = +, there are different generalizations
of Blaschke Product (Picard E. ... 1926, [lxxep6amsan, M. ...1945, 1948, 1961,
TerBazze, I'. ... 1980, Tsuji, ... 1955).

Canonical product of Blaschke - Djerbashyan

+00 P Kk
1—|a,|? 1 /1-a,|?
— A _ n - =
Bp(2 (an) =2 ] l(l 1—a;z)exP<Zk<1—a;z
n=1 k=1

is particular case of Djerbashyan product (/l)xepbamran,...1948), where
A+ 1 and p natural numbers |z| < 1,

0 <lap| < lans1l <1, lim|a,| =1,
n—->oo

+00 +oo
D (= lanl)? = +o0, > (1= lagl)?*! < +oo
n=1 n=1
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Infinite product Bp(z, (a,)) is unifomly and absolutely convergent inside

of the open unit disk, and represents analytic function with zeros

0 0,..0,a4 ay,.. ay ..
i

For Blaschke product Frostman approved (Frostman ...1942)the
following important

Theorem 1. A necessary and sufficient condition that B(Z, (an)) and all

it subproducts have radial limits of modulus one at e is that

1- |an|
< +o00o,
z | el —a,|
For Blaschke-Djerbashan product similar theorem takes place:

Theorem 2.1f0 < |a,| < |a,41l < 1, lima,| =1,|z| < 1,
n—->oo

+00
D (1= a)? = +oo, Z(l — lan)"*t < +eo
n=1

N (L=l \7
and Z <|e‘9 — |) < +oo,
then following equality takes place:
lim Bp(z, (a,)) = Bp (eie, (an)) + 0, 00.
z5el®
Proof: It is clear that

1—la,] 1—]a,e™™]
|ei6 - anl B |1 _ane_iel

1—lanl* _1—ane™™?

1-@uez  1- q,e 9z

Therefore,

Bp (zeie, (an)) = elt0B, (z, (ane‘w)).

Without restricting the generalization, it can be considered that '@ = 1.
So, we need to prove that
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+o P+1
D <1-_lal> < 4o )
|1 - anl '

In this case, there is equality

lim B, (z, (an)) = Bp(1, (@) # 0, .
We need to demonstrate that, for every Vo(1), 0 < ¢ < /2 Stolz Angle
1M Bp (2, (@) = Bp(L, (@), ze V(D).
Fix ¢, 0 < ¢ < m/2. According to (1), it is vivid that

. 1_|an|
lim —— =
n-o |1 — ay|

0; (2)

If z€ Ve(1)\{1} and z = x + iy, then obviously |y| < (1 — x)tge, so
|1—z|_,/(1—x)2+yz< (1—-x)J1+tg?%p
1—|z| 1—/x%+y2 _1—\/x2+(1—x)2tg2go

_ a- x)(l + \/xz + (1 - x)ztg2<p)
T cosp((1—x2)+ (1 —x)2tg2e

(1 +Yx2+ (A —x)%tg%e)
T cosp(1+x— (1 —x)tg2p)

3)

y (1+/x2+ (1 —x)%tg2p)
k) 1+x—(1—-x)tg2¢

1;

so, for evey € > 0 exists r < x < 1, such that

(1 +/x2+ (1 —x)2tg?p)
1+x—(1—x)tg?e

<1l+e¢, r<x<l1.

From the latest inequality, we have

[1—2z 1+e¢

=17 < cosp ,Z € Ap(1; r)\{1}. @)

Because of for (4), if a,eA@(1;1), then

1—|a,| cose
[1—a,|~ 1+¢°

lim |a,| = 1,s0 according to (2) and the latest inequality, we can
n—oo

conclude, that 73,0 < 1y < 1, such that
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a, € Ap(1,1y),(n=1,2,...). (5

If zeA@(1;79)\{1}, then according to (4)

AN Y WL Y B
|1_anZ| Il_anzl |1_anzl 1_|an||Z|

[1—z| 1+¢

<1+
1-—|z| cosQ
S0

-z > —=F _ 1—a,)zeholl;r) 6
Un? cosp+1+¢ nl 2 € AQLLT0) - (©)

From (6), when z € Ap(1;1y)

1—|ay|? 2(cosp+1+e) 1—lanl @
|1 —ayz| — ) 1—a,|”

From (2) and (7) for any 0 < q <1 exists ny number, such that, when
n >ny and z € Ap(1;1y), we have the following:

1_|a"|2< <1 8
FEE I ©
Denote
A - (1-1=1anl il 1—|a,l?\"*
nl2) = 1—-a,z exp k—1k 1—ay,z) /)

ng +00
Bor( @) = 24| [ 4@ and Broz @) = | | 4n@.
n=1

n=ng+1

From the denotations above

BP (Z' (an)) = BP1 (Z' an)) ) BPZ (Z' an))'

It is obvious, that Bpl(z, (an)) is continuous function in D. So, in order
to prove the theorem, it is sufficient to prove the following

il_l;[} BPZ (Z' (an)) = BPZ (1' (an))' (9)

Let’s choose main value of the logarithmic function Inw = In|w|+
iargw,

—n < argw < m. From (8)
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— la,l? Z 1(1=la?\* X 1(1= e\
InA,(z) =1In 1— — =_Z = ;
1-a,z k 1—anz k\1-a,z
k=P+1

k=1

According to the equation above

1-|ay|?
B ) = oS S 2] (10)

From (7) and (8), when z € Ap(1,1,)

SOy el 3 (en)

n=ng+1k=P+1 n=ny+1k=P+1

P+1 P+1
+00 (1 — Ia_—n |2) +00 ( ZCOS(»D )P+1 (1 — |an|2)

_ Z 1 - a,z| < z cosp+1+e¢ [1— a,|
- 1_|an|2 1—gq
n=ng+1 1—m n=ng+1
_( 2cos@ )” z 1— a2\
" \cosp+1+¢ 11— @l '

=Ny

According to this and the theorem, we have uniform and absolute

contingency of the series
z z 1—|anl?
1- Gz a,z

n=ng+1k=P+1

on Ag(1,1,) and so, the uniform and absolute contingency of the infinite

product BPZ(Z, (an)) on Ap(l,1y). So, it is the continuous function on
A@(1,1y) and condition is satisfied

lim  Bpy(2 (@) = Beao (1, (@) # 0,00.

z€Ap(1,20)
and because ¢ is any angle 0 < ¢ < /2, we have
lim By, (z, (a3)) = Bp(1, (an)) # 0, .

This, as we already mentioned above, proves the theorem.
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