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The paper establishes sufficient conditions for Bliashke-Djerbashyan Canonical
product, in order to have limited chordal variation.

Keywords: Canonical product of Blaschke-Djerbashyan, chordal variation

For the beginning, we have some definitions:
C - the Field of complex numbers.
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D = {z:|z| < 1,z € C} - Unit disk.

Vo (e'9) — Stolz Angle, is an angle equal to 2¢,0 < ¢ < 7/2 and is formed
by two chords that come out of the point e, radius [0; e?] is bisector, 0 < ¢ <
/2.

Ap(e?,z) ={z:|z—e¥| <1-10<r<1,z€eC}nVyp(e?)—
Triangular neighborhood of the e?point. By M denote the closure of the set M.

The limit Zl_i,glle f(z) = Zl:i,glle f(2) is the angular boundary value of the

zeVe(el?)
function f in the e point.

Blaschke Product plays an important role in the study of boundary values
of the analytic function in the unit disk (Bliashke 1915, 194-200)

~la a, —z =1 1—|a,|?
B(z, (an)) = Z’ll_[M = 2’11_[ <1— I_nl >.
1 1la, 1- a,z 11 |a,| 1- a,z

where A + 1 is natural number, 0 < |a,| < |a,+1] <1, lim|a,| =1,
n—oo

+0oo
D - lah < +eo
n=1

in case, when Y72 (1 — |an|)_= 400, there are different generalizations of
Blaschke Product ([xepbaurst...1945, 1948, 1961, Terpazze... 1980).
Canonical product of Blaschke — Djerbashyan (/I>xep6aursaa 1945)

+00 P k
1—|a,|? 1 (1-|a,|?
] _ n ="
Be(a (an) = 2 l l<1 1—a;z)exp<2k<1—a;z
n=1 k=1

where 4 + 1 and p natural numbers
|z] < 1,0 <l|ay| < laps1l <1, lima,| =1,
n—-coo

+00 +o
D (A= lagl)’ = +e0, Y (1= lay"*! < +oo
n=1 n=1

Infinite product Bp(z, (a,)) is unifomly and absolutely convergent inside of the
open unit disk, and represents analytic function with zeros
0,0,..0,a; ay, ... an ...
A
It should be noted that canonical product of Blaschke — Djerbashyan is

particular case of product of Blaschke — Djerbashyan is particular case of
Djerbashyan product ([I>xep6ausia 1945).

For the Blaschke product Frostman proved (Frostman 1942) the following
important

Theorem 1. In order for the Blaschke product B (Z, (an)) and all its sub
multipliers to have a radial limit with module of one at e point, it is necessary
and sufficient that

253



8- JNZSAY, E0. MJNZ5dY, 0. MZSMIY, ¢0. (300539

z 1- |an| +o0

o —a,] =

Proved in the article (Tetvadze ... 2021).

Theorem 2. If 0 < |a,| < |a,;1] < 1, lim |a,|1,
n—co

+00
D A= lay? = +e0, ) (1 = la,DP* < +oo
n=1 n=1

+
1_|an| p+1<
e —a,) =7
n=

Then the following equality holds
lim Bp+1(2 (an)) = Bpys (eie, (an)) # 0, 00.

z-elf
Similar issues are discussed for Blaschke — Djerbashyan Canonical product
below.

and

As is known, an infinite product [T (1 £ u,) is called absolutely convergent
if the sequence

is absolutely convergent and the absolute convergent of the sequence above is
equal to the convergent of the sequence

+oo
>l
n=1

Definition: A Blaschke - Djerbashyan canonical product is called absolutely
convergent at point e if there exists natural number ' for which the

sequence
+o k
1- |an|2
< +o0,
Z Z (Il —a,et| ®
n=N k=p+1
Theorem 3. In order for Blaschke -Djerbashyan canonical product to be

absolutely convergent at point e, it is necessary and sufficient that for the

sequence
p+1

+00
1—|ay|
T—aeo) ~7%
n=1 n
to be convergent.

Proof. First of all, it should be noted that
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1—lan)> 1-|aye ™|

11— a,e®| |1 —aze—?|

Therefore, without limitation of generality, it can be assumed that 8 = 0.
Necessity. Assume that following sequence is convergent

+o00 +o00 2
1- |an|
< +oco,
|1 - anl
n=N k= p+1
From the convergence of this sequence, it is clear that the following sequence is

also convergent
+00
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n=N
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=N Il_anl

p+1

(1 + lay )P+t

+Z (1 + lanDP (1 — lanDP*Y
) p+1 11+ ay[PH =

< p+1 (1 + lay P — lay )PH?
SAHaDPT L @+ DI - &P

p+1 z‘” L (A=laD?\V
= (o]
T+ Iyt Ly p+ 1\[1— a, 7+
Therefore, it is clear that following sequence is convergent

+0o0 1 _ Ia | p+1
Z ( = ) < +oo0.
=i |1 - anl

Sufficiency. Suppose, the following sequence is convergent

+0o0 1 _ Ia | p+1
Z ( = ) < +oo0.

— |1 - anl
n=1

lim (1 + |a,|) = 2, therefore exist natural number N such that vn > N
n—0o

1_|an|2

—<g <1
+o00 4+ |1_ I Z
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Theorem is proved.
According to the theorem 3, there is
Theorem 4. If Blaschke — Djerbashyan canonical product Bp,4(z, (a,)) is
absolutely convergent at point z = e'?, then there is an angular limit at this
point and following equality holds
li/r\n Bp+1(2 (an)) = Bpas (eie, (an)) # 0, co.

z—elf
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