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5331369390 dMmgergdol d94dbols odomrmvIengdom.

OMamO3 36Mmd0w0s, 0. 393995L bsdMMIgddo (1942-1977) sbboeyemo
0Yym 6935000 2oMLYGdOLOIMZ0L MMR6DMI0gd0sbo Mmymez Lolitrmwo
(“5B1LEPPM™ PMIMOH0sMS*), 0Ly M3WsO (09MMJ0E0) MmEIbmdol
9MmEIEms 93900l bgdbo  B0Bo3MEG  ©s  gMmIgBHHOoME  ©sd3905M
S 3owom®3060l  IgonmEol  (MMELsEg 2990 dOL  39JGH™OMO
Pomdmagboos wgx5bmOl gMmo (33wool dmeobmdms df30oz30m)
L5395 g000; Fgbfogerow s 2odMm33wgE 0dbs Jowgdeo Lolasbrgzmm
50m 35693030l HTMbLBsEMBOLS s 5TMBIBLBOL  3m3zbols  Lszombgdo.
Bomobom 39303530900 Ho®dmygbowos 35-dg (dso dmbol, 10-
99 9MmbMm®sx300Ls s LEbgEddm3zs69emgddo) Logmbowm LiGo@osdo,
30535000 YMHowmdols s 3mbxngmabzool dsboergddo, sgmos 200-by
3940 LoMd@H™MOM s Bo3obEOsGH™ OLYMESE0s. 1982 gl 6509350
399mb35 0. 393999L ML gbmzsbo IMbMYMmG0s, MMl 0bgroliy®o
(Vekua 1985) @ Jomormegbmgzgsbo (1987) motpdsbgdo dgobmrvyangl .
390913060050 @S m. 09MboMy0sd. (Vekua 1985) (o®mdmoaqbl gmmagzs®
953030 ™M3900099H0 bobosmols BodMMmMAL, LosE J9AM39IME0s S3GMEMOL
QMG 37JOW03F05MS 3OOE03790 5b5¢0B0 09MsMJome 65dOMIGOMb
90356OHM9d0m. 39MHIME, 330mbMmdm: ,LolEgds (7. 18h, i) sMol 396dm
0639309 0xggIMHg6E0sME gobEmegdsms  dwogMo gEoRLMEMO
LobG9do N =3-0bm30U, JogM5dB396 Tobs 56 250053 9M MBOM YEHIWIMS S
56893959000 5OLYdMBOLS S JOMSPIMNMBOL 3OIMIWIIJOOL Fodm 3335
bmyo0 gm®domn® (Vekua 1985: 59, 60 (9ls. 453.) 05 9990™3, ,,LoloBOZMH™
53396930b 53mBsblBIBO 56 560l FgosBbIgdwmo = 30600 B9306090DY
93997 BoboBOZOM 30MMOGIMB. sdoGHMd gl osbermgdgdo dgodergds
509mBbL o506 Mbgdo 3060000 BYI30MYIMD sbarml™ (Vekua 1985: 86).
31939 396b0E0sMEYIEBMB0Wgd056 O RYMIb 30O LOLE oM SbSEO
3wobo (Vekua 1985: omsgo III-V), G@Igaros, gbhomo db6og, 360d3bgermgbs
SBIOMMIOL ,,9. . ©IBMBEIOIME MMM LOTMI3gL, bmenem, Tgmy
dbm0g3, Fo09mogbl AoMBmS Frmbslfm®mmdol gsblbrzmol Ldgsoswm®o,
365d3H03obomzol  obgmo  «dbodzbgurmgsbglo  3wslol  53m35690L,
OMAMMYO0(30: 5)  oOLmS MMMl LEHIG03MMm©  goblaHrzmgdso
50m396s, 8) ©OH9dolL IJmbg FoMLoLsMZ0L, Jom LsHP3ZMdDY IME9deo
09900l 306935303296 306MBJIMD 5319050 IBMEMT5300L FoblsBLIMOL
59m 3569, ) oML MMM05d0 9.§). ByoBO 9GO BYs306MHJdOL HSMLYIMDOLS
Q5 oo 49MmIgAH0Es© A5BLIBEOZOOL 5TM 690, BOIEG WIEHIWLIMOS
50F9m0wo, O™ 506060 3esliol sdmEsbsms 33arg3s s sMLYIOMO®
3963L5BEOZOYo  3oM5dgBHMJO0lL glsdsdolo Foedmygbgdols ,,dgbfages
900Yy396905  9BooBM® o 2obBMAsIdME  SBoeoBME  BMbd0sms
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09MOH0900L bsgmzog® 458mygbgdgdbg (Vekua 1985: 5), o3, 0. 3930L
39909439900l 9m0sbMmdOL  ©gIMBLEHMOE0LMID  ghmo©,  g39Lobgds
396L399dBH0 J0domEgds© d9456030L MgMmMool Jowfgzems Mamowm
399mygb9gd0ol bsBom LoobgobMm bslosmMOl dJmbg 3MJEH03Mwo s8MmEsbgdOL
39030 S 30MMYJBH0MIOOLSL.

36039369c0m356 0093500 965 Bsomz5¢ml 5. M35 FMHgerodol Gmdgodo,
653 80l J0g6 2ogMH 0569390 Lsbom FoMmdmgbowo ogm BoolgMEGHoEom
6596mH™dd0: “©5809gb0dg LodsBM BYI30MOL FJMby oML MYJMEOS s dobo
Bmy090Hm0 359myqbgdgdo“ (Tvalchrelidze 1994). (Bggbo 3s¢o0s, 53 IG™IoL
056365 s 459M(3995). J0M0M5O F0EYMIS, M3 FobLLZE39dL 53 MMl
303 MEMO0 IHBMLEEHIIMO MYJMM0JOOLORD, FEYMTsMYMdL 0dsdo, MmA
39OLO OYMBO s M3IMEYh0dg LsdIBM Fgbs S Yymzggero ggbolomzgol
3960bogds 30BOIMMO s JgMIgEHMOMEO 3390900 B9boL 30O gdOL
d9L50530L0 3MMOEObSEHJO0” F5BLIBPYZOHO LoEOEYIOOL dodsMm. 50l
39009290, 39095A0gd0L 39dGH™M0L 3H9Mdobgddo d90ddbs sbMLEGHdME
090M00ms  sbowo  3wsbo. MoEb3zomo  IgMmools @S 3OMAMIToMS
3033gdugdolL Lo GIOM 2550FMs S I0BIMRS MORO 30030
bobosmol  53m396900Ls, s FMEMOL, M350l ool MO0
39653 ™300b m39MH 5300l IMEYoMgdol 3OHMdEGTs.

LEoGosdo s15939 doboboe 0dbgds 0. 393oby s 5. MZoW FMHgerodols
90@aMT5MO  FOBIOMMGdS OHMYMOE 09MMJomwo, ol sBMBEIOMWO
0900900l Jodsermnergdom (Vashakmadze 1999).

1.1. 3963000569010 @SB3 GO0 MGMO0JOOLS S F>00 SBsEMYqdOL
53900l 3900MO. 530BMZ0L 53904905 BMLEO 9B OHMMHO SGOEPM OO
Doy gbgdo Bosdmomo (j9309gdom. sbgmo  [omdmygbs  Lodwowgdsls
00935 2oalgEol  (3MI0gdolsm3zol  J0Z300MmM  Q5vAX MdILIYOSO
39535090900, M3 0530LMO35Q OMHYMR0MO boliosMOL YIS, 503500
39335900 3006303490 Ibs6IY 565 MY0MH0s gHbLE) 3esbols (Ernst Florens
Friedrich Chladni) 993960396&0bs 6935000 BHbHY3500 BGoMOROEHIOOLIMZ0U.
59 ©MRQOL FM635¢00 45dMmPIbOE0 53EMEO (3500 FmMOb, JoergHo, 39gMbeo,
J968960, @s3®sbgo, b330, 306H:3bMmRo, Ws30, Bsowmbo, 3563569, 3mb
3500360, H00mF9b3m, €9olbgeo, 39630, dobgoerobo, amer96390b9MO,
ombyero, @sbsr, 3mGM30B0, 393995, 300BJM0, bsgo, 0856 3dosbo,
3590399, @35L930B0, s6H0sbo, dmero, Losterg, IbBHbIHo, 3mpom—

3290Q00...) M30©bg6, G Jo00 IMYgdo 0derg3s MbgE39E™3560
LEAHOMIBHOJOOL TgdNb3935d0 MY39MIOL MYMOOOL 3-gsbbmIogdosbo

Lolob@3MH™M  53M356900L  53MMJBodoEosl  (F9gdobozmEo,  dgmdgEervmwro,
3L083GMGHE0 b 5097 Lbgs sHOHOM), o0 396 d0gH ©E 30390 0gbo,
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MM gm39wo EsHBMLEIOMWO MJMOO0LOIMZ0L  FoILZEOL  3EMI0EYdS
5153390 5dMBbLLBMS 3 slBg F9IMLsbBLIM0s J390Mm©sb. o9 Fga30de0s
9m309356mm ggs® 3mb LoEYz9gdo: “©s 30063, Lo 3MbggdOL FobTsgzemdsdo,
33 9600 5Q5d056L, 9gdudo s6o30L FgmJdbos, Bsbl, sOE BodMos T99ddbs
5009 6030650, RogdBH0s, MHMI MOOYobsmds (©0s©o  2Mbgdol
9Jmbgms 49M) 5M9g30maM F9dmbggzsdo 56 sMHOL, MMAMME DMAO0IHMIOL
33mb00m, 0337lobs M) 0bEMOEO0LIYFD FMIOBIMY ...5850gdMEOl
dobsefjogoe  MIGymys  BOMs  bo3oM,,  30M)  adcmdpmbydenmds”
(3M33mboEool gowmbicmgos, 1846).

1.2. (Vashakmadze 1999)-ols 9gm®g oogdo dgufogwroos Mgares®vyero
360Hm39L900. IBHI0EIOMW0S DBPIOMMsE 1OIIZMO030L, 33MMIJLOTs300U,
3OMdoqdol Jgi3slgdols s 3MMmEgLgdOL  3MYdsEMIOL YO gdJdO.
3obbomwos 393l Bodol  3GmEglbo,  OHmELbsg  BOOROEOL
306097gdbg  Im3gdos  dsd30L  BHIBBMOOLs s F9WOSYOWGOOL
399H™M0L  §Ox3030 MO, 393999-3906GHMOM30B0L  Godol  dgomgdols
589996930l 0O gdom  FJufogwowos  053Mmd0L  3MEobmdgdol
05DBOLMOMILMID 5353800900 Lbozombgdo, RMO09-g556MOL
dh30030L  Bsdmomo  {i9300Lom30L  J0WgdE0s  BMbdosms  3ealigd by
Lobgols s 53MMJLods300L MoYROL 0O GONEOMMEO T9i3sBYds: 3939L
G030l oxgM9B3E05WMM 256EMEgdms LoLGYIol Tglsdsdolo Lolsbrzmm
50mE3s69d0Lsmz0L: 1) V IV = 2 155056:m@05605 3nGEOL 3030l 53G0MmMrEwo
39335690900, 2) LedmEgzol LogmEgdo oLzl FEMI0EgdOLIMZ0L
9009005 BMLGO JgusLgds Loldols s 33MHMJuLodsgool Moyol Jodsco
@5 59330339005 Fglodsdolo 3MMm(3gugdol 3MJOSEMBS, 3) 539090
3979L0LS O BHYEHOL35DBIOOL 3030l BoJBHMOODBYdo 1dgdgd0, OHMIgEwms
15395000 gobolyBO3Mds 0SB MGdOMO  53MbsbLlbgdo  6gdoldogMmo
LsbEOYo N-Lsmgob.

1.3, 29630056093os 3 496BmT0gdosbo  LoboBgmm  sdmEsbols
905bwMgd00 5dMbLBOL sbowo Mgy sMH Mo (L3s06-530MMJL0ToE05DY
©533dbgdeno)  dgomEo.  FgLodsdolbo  ORIMHIbE0sW MO STMGIBIMS
LobGHIoL  5dmbLbOL  3BMEgbo  MgEMEOMEIds  FgEIMGO0m  oMGH030
UAOMIGHMOOL  M3gOGHMOOL  FgIOMDgdomn m-xXgOH  3MOWIWO
6950990, LyEOE M MHOL BLYZM-BIBsMS MOMEIBMBS s AIBLEBZMH3L
3360mgdlbodszool  LOBMLEHIL.  AOIL3WOL  (3MI0Egdol  Fgisligds O
d9L50530L0 3MMEgLOL 3MYdsEMBS IEO(3905 BBI30MbIWMMHO SBswobols
89000900l 358mygbgdom 93MHOMOME MEMWMBIODY IYObMdIOM
5dB-80¢M58-050v)d35L  Ggdbmmyoom. s30wo  JqlodBbggzos, BT
dmyzs600 0gMHs@doro dmgero (Tvalchrelidze 1994)-ob gobbmgogdogss.
505096 9O™O@, BoYMBOPPGIMS Ol oMgdmgds, MmA (Vashakmadze 1999)
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3obbommwo  0gMsddonmo  Imgmo  4edmbogee  bsdRobEBMI0Ed06
50m396580  mbgw3zgowmgsbo  LEHO®MIGHMGOL  30Mom  BYI306MHYdDY
939970 306M3900  3054MBOEIOS, MMYMEME I035M0  (OMObEls
$030l) ©5 565, MmO 816936030 (690dsbols ¢o3ol) oGmdgdo TN = oo,

B90m dnyz560¢0 Bggds sBseMyoME0s 3MME F0MPYWOL MYMMHGIgdoLS
LoLBgdol LoLE™MEEOL Tglobgd. MMAMOE JoMYISs (36MdOED, AoL¥IEO
L9360l 30-056  fergddo, gomEgwds sB39bs (930  30BYMEOL
908009360 900L556 goblibz5390007) MO MO 5G00TGEH0IOL sOSBOLO™MEY.
O3, IHMLEHJII0 0gMEH0JOOL 565 0D0IH 58T OBIMYMOL. D
R}Mb 350356-0060b-M70LbgMHoL BHo3ol Imgwgdo LsdRsbBMIowgd0sb
59m3565LMOL 53MIMJ0Ts300L SBOOM SMIBLEOWIO LOLEYTSs; 5ToLMIb gOHO®
50560865305, G M) 9gMBLE 3wWwsbol 9dldgMm0dgbEBHBs sb39bs dbMEM©
9JOMO - 9gowgM-39Mbmwol dmEawol godmygqbgdol Jobsbdgmfmbermds,
B396 dogh Bsb3969005 IBMLEHGOME MgMGosms Jslolol bgdolidog®mo
9m9Eolsmzol 39330l 3M30gdol  JgamboBO3OMEMdS
93990@06. 51939, 09BOJ0MO EH030L FMEIWYOOL oI 33930l JgEIyS©
399030bsMgMdL, MM 30¢dgMHEG-30MmIwol Jobg3z0m FoliBvegdmen
LBolGYIL 93O Jbods3gools  @s  3MYOsE™IOL  sHBOOM  FoMBMo©Y)b9b
69030609090 3MmEYEgdo. dmyzsbowo X gEmds Fo0odsEH030Lsm30l
©535b3ll0sMYPdJO  9MM0BMdOL  YIMBLEHEMSE0ss s Tob  MHMIgeErody
©MQT0 0QIMOO 29MM393d YEOWMIEISP Zobs30MMBYOL b3y otydog
965 MmP0mM0 BogdEHOL sOLYOMASL.
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Reduction of three-dimensional models of elastic thin-walled structures
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Through the reduction processes, the multitude of ,specified theories“ dependent on
the continuous parameters and hierarchical models is constructed, which in a certain
sense is a modification of the methods of Vekua and Tvalchrelidze. The question of the
completeness of the models built according to Godel is studied, and it is shown that
the class of specified theories is an incomplete system, while the hierarchical models
(according to approximation and convergence) represent a complete system according to
Hilbert-Gédel.

Keywords: elastic thin-walled structure, process of reduction, refined theories,

unimprovable estimates, experiments of Chladni, Gédel’s incompleteness theorem.

In this article, we consider the reduction process (RP) of thin-walled structures
corresponding to the three-dimensional model of the linear theory of elasticity.
For simplicity, a cylindrical body with a finite height is taken as a model, when
three components of the stress tensor on its face surfaces and three linearly
independent boundaries between the stress, strain tensors, and the displacement
vector on the side surface are given, and for each inner point of the cylinder,
the classical equations of equilibrium are satisfied. We also consider that the
corresponding boundary value problem has a unique solution. Despite the
abundance and variety of RPs, we highlight the RPs developed by I. Vekua and
A. Tvalchrelidze, as the approach of these authors represents a breakthrough in
terms of ideological novelty and is a prerequisite for the justification and creation
of based models.

As is known, in the works by I. Vekua (1942-1977), the method of building
two-dimensional models of both finite (“specified theories”) and countable
(hierarchical) quantity models for elastic shells was studied using the physical and
geometric assumptions and Galiorkin’s method (when the displacement vector
is represented by a row of one-variable Legendre polynomials). The issues of
solvability and finding a solution for boundary value problems have been studied
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and investigated. Relevant publications are presented in up to 35 (including up to
10 monographs and textbooks) articles and materials from many congresses and
conferences, and more than 200 doctoral and candidate theses are defended. In
1982, “Nauka” published I. Vekua’s monograph, which was translated into English
(Vekua 1985) by T. Gabeskiria and Georgian (1987) by T. Meunargia. This book
represents a kind of encyclopedic work, where critical analysis of the author’s
publications in relation to hierarchical works is presented, particularly, we read:
“the system (7. 18h, i) is a strong elliptic system of PDEs for N > 3 “but we don’t
rewrite this one in a more expanded form and shall not deal with the investigation
of problems of existence and uniqueness in the general form (Vekua 1985: 59,60),
and further,” the solutions of boundary value problems are not consistent with
the boundary conditions on the front surfaces. Therefore, these approximations
can turn out to be very rough near the front surfaces (Vekua 1985: 86). A new
class of two-dimensional differential systems is discussed, which on the one hand
significantly expands the set of “so-called refined theories”, and on the other
hand, it represents special problems of the most important class for practice, such
as a) a statically defined problem of the theory of shells, b) determination of
the deformation of a shell with holes, compatible with the kinematic conditions
of the bonds given on their boundaries, c) in the theory of shells, the so-called
problems of the existence of neutral surfaces and their geometric determination.
In (Vekua 1985), Chapters III-V, it is described in detail that the study of the tasks
of the mentioned class and the study of the corresponding representations of the
essentially defining parameters “will lead to fruitful applications of the theories
of analytic and generalized analytic functions (Vekua 1985: 5). This work along
with the demonstration of the unity of the whole creative activities Vekua, may
be understood as a direct application of the achievements of the theory of solid
mechanics in the line of projecting practical tasks of an engineering nature.

The works of A. Tvalchrelidze, which he presented in a unified form in
his dissertation: “The theory of shells with several base surfaces and some
of its applications” (Tvalchrelidze 1994), should be considered an important
achievement. (It is our duty to translate and publish this work). The main
approach that distinguishes this approach from classical refined theories is that
the shell is divided into several base layers and for each layer, physical and
geometrical assumptions are considered regarding the quantities determined by
the corresponding coordinates of the surfaces of the layer. A new class of refined
theories was created in displacement vector terms. There have been solved
and introduced a number of practical tasks, including modeling of the radial
keratotomy operation of the eye membrane, by means of numerical methods and
software packages.
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In this work will also discuss the expansion of the approaches of I. Vekua
and A. Tvalchrelidze, both in the direction of hierarchical and refined theories
(Vashakmadze 1999).

1.1. The method of construction of refined theories and new analogous
models (without SH with arbitrary control parameters and having continuum
capacity) were elaborated. The exact analytical expressions were found for the
corresponding remainder vector. Using those expressions and by applying new
technology for error transition the unimprovable estimates were obtained, which
represents the fact of negative invention. The principal aspects of those estimates
are the same as Chladny’s (Ernst Florens Friedrich Chladni) experiments for
vibrating plates. Many principal authors in this field (including Euler, Bernoulli,
German, Navier, Kirchhoff, Love, Filon, Poincare, von Kdrmdn, Timoshenko,
Reissner, Henky, Mindlin, Goldenveiser, Landau, Donnel, Vorovich, Vekua,
Koiter, Naghdy, Ambartsumian, Vashicu, Lucasievich, Antman, Ball, Ciarlet,
Destuynder,...) assumed that their theories gave an approximation (in physical,
geometrical, asymptotical or other meanings ) to initial 3D BVP for thin-walled
structures of theory of elasticity, but we proved that for each one from finite
theories, the transition error is bounded from below. We can cite here Edgar
Allan Poe’s words:” And yet, for centuries, no man, in verse, has ever done, or ever
seemed to think of doing an original thing. The fact is that originality (unless in
minds of very unusual force) is by no means a matter, as some suppose, of impulse
or intuition ...A positive merit of the highest class demands in its attainment less
of invention than negation” (The Philosophy of Composition, 1846).

1.2. In the second chapter of (Vashakmadze 1999) regular (Vekua-Kantorovich
type-hierarchical) processes are studied. Provisions of marginal density,
approximation, error estimation, and collection of processes are approved. Vekua-
type process is considered when the linear form of stress tensor and displacement
vector is given on plate elements. In the direction of the foundation of Vekua-
Kantorovich type methods, the issues related to the basis of Jacobian polynomials
are studied, for the residual term of the Fourier-Legendre series, a simultaneous
evaluation of the thickness and the order of approximation is obtained for the
function classes: for the corresponding boundary value problems of the Vekua
type differential equation system: 1) all N< “ Korn-type a priori estimates are
fair, 2) an exact estimate for the error of transition in Sobolev space with respect
to the thickness and order of approximation is obtained and a set of relevant
processes is approved, 3) Gaussian and Heinz Rutishauser-type factorized schemes
are constructed, by means of which an approximate solution is determined for
any finite for N.
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1.3. A new regular (spline-approximation-based) method for the approximate
solution of the 3-dimensional boundary value problem is developed. The process
of solving the system of corresponding differential problems is reduced by
inverting the operator of a relatively simple structure m times in parallel mode,
where m is the number of pseudo-layers and determines the accuracy of the
approximation. The evaluation of the transition error and the compilation of
the corresponding process are performed using functional analysis methods
based on a priori inequalities and Lax-Milgram-Babushka technology. It is easy
to see that the given hierarchical model is a generalization of (Tvalchrelidze
1994). Along with this, it should be emphasized that the conditions given in
the three-dimensional problem of solving the hierarchical model discussed in
(Vashakmadze 1999) are satisfied on the face surfaces of the thin-walled structure
as the main (Dirichlet type) and not as natural (Neumann type) conditions.

The scheme above is analogous to Kurt Godel’s theorems on system
completeness. As is well known, in the 30s of the last century Gédel showed
(unlike the followers of David Hilbert) the incompleteness of formal arithmetic.
Indeed, itderivesfrom the analysis of specified theories. that von Karman-Mindlin-
Reissner type models are an incomplete system in terms of approximation to
three-dimensional problems; Along with this, it should be noted that if Chladny’s
experiment showed the inadvisability of using the Euler-Bernoulli model, we
have shown that for any model of the class of refined theories the bounding
of the transition error from below. Also, as a result of the investigation of the
hierarchical type models, it follows that the Hilbert-Godel system is according
to approximation and collection. The given reasoning is a demonstration of the
unity characteristic of mathematics, and an ideological breakthrough in one of its
fields inevitably leads to the existence of a similar fact in another field.
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