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0d3l ®vg M5 Bmerol GHmeEro Bmds LoIMS3EgL, GMIgEbgs BgHod®L
Lodg@H®oMwo FoMHdmgdwo sGOL MLEOWME OO, s Jgney, 6o
30MHMdgdL by 53054MmBogd©bgb  LodgBHMommo  FoMImgdro
603Eb39%0, ©sEId0MO HBmIol LOIMHZ3EIBY, MMT FoMIBBHMYdMWO ogml
SC, Go®Imgdmaol sGLYdMDS 58 LIz BY.
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0. 0. 396390960 doge (T'epmeiiep 1943), 65B396000 0d6s, M DBmIsO
f 5364300bom30L )00 BMIoL LoIGMegeqByg 96 oMol y3gegsb

5@gdmdl D, £'(x) (bsorsbacome Df (x)) bodg@Gommo Fobamgdamo, o6
0mJdol  439mash 98 Lod®ogwmgbg D, f (x):—oo QS D> f (x)=+oo
Lomsbsme Df (x)=—0 @s Df (x)=+o0).

B3960 50mEsbss 3mP39Bmm, MM sbsErmaoMo dgga0 LodsMmEr0sbos
dmMgeols s  ByBomML  LodgEmowo  FoMdmgdeo  MHoEbzgdol

990mbggasdos. godzem F oMol f g3mbdgool  doMggymagomo X
om0l 30sdmTo. 0v9 4530m35¢0LFOBYOM EHeMeMdLL

;f[f(x+t)—f(x—t)]dt=F(x+h)+F(x—h)—2F(x),

23996900 Ele(x)zﬁzF(x) o §C1f(x)=l_)2F(x). o F
53630030l 2odm3094gbgdo 4gMmdg0ogMol mMgMMmgdsl, o300 dm, HMI
%90905® f 531Bd30sl @oqdomo Bmdol E  Lodmsgamgbg 96 0000gdol

939s6  gooBbos LodgBHmommo SC, f (x) Bodmgdmwo, 36 momddols
439as6 E Lodeegamgby SC,f (x) =40 s SC,f (x) =—00,
8009099 0sb 3513360m, HMI K¥s3gds© BMBIE0NL IYdOMO BMAOL

L0839 bg MLslEMMm© oo LodgBMmovmo Fomdmgdmwmo SC, f (x)
390d@gds 205Rbogl ByeEols Bmaro Bmdol LodMogwgby, s sbg3zg, vy
©59Bomo Bmdol  E Lodmegagy SC, f(x) <+ 56 SC,f (x)>—oo,

35806  ®omddol  yzgmasb  E Lod®ogmgbyg,  o@Ugdmdl  SC, f (x)
Homdmgdmamo.
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The paper discusses some properties of Cesaro and Borel derivatives. It was established
that, according to Lebesgue, the concepts of Cesaro and Borel first-order symmetric (or-
dinary) derivatives are equivalent for a summable function. The dependence has been
studied of the ordinary and symmetric Borel and Cesaro derivatives on the set of positive.
In particular, if is a set of any positive measure, and at every point of this set there exists
a symmetric Cesaro (respectively Borel) derivative, then almost everywhere on this set,
there exists a Cesaro (respectively Borel) derivative equal to the symmetric derivative. It
is also shown that a summable function can have an infinitely large Cesaro (respectively
Borel) symmetric derivative on a set of zero measure.

Keywords. Cesaro and Borel symmetric and ordinary derivatives.

Main definitions and notations. Let the function f be finite and summable
in the neighborhood of a point x . Let us introduce notations

(p(x,h)=%jl[f(x+t)—f(x)]dt; g(x.h) =%jz[f(x+t)—f(x—t)]dt

The upper0 right-hand Cesaro derivative of the flllolction f at the point x is
determined as follows: C”f(x) = limp(x,/) = lim supp(x, /). Similarly, we
determine the other Cesaro derivatives C,f(x), C"f(x) and C_f(x).
Accordingly, the numbers  C'f(x)=max{C"f(x):C"f(x)] and
C.f(x)=min{C,f(x):C_f(x)} are called the Cesaro upper and lower
derivatives. If Cf(x)=C.f(x), then their common value Cf (), is called

the Cesaro derivative of the function f at the point x. The Cesaro upper and
lower symmetric derivatives are determined as follows

Cof (x)= Eg(x,h) = hlg})l supg(x,h),
st(x)=}i_>_tgg(x,h) =}}ggl inf g (x,h).
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If C_'éf(x) = Q\f(x) = C'Sf(x) , then CSf(x) is called a Cesaro
symmetric derivative at the point x.
Let f be summable in the neighborhood of a point x . Then the value

B f(x)=lim lim— hf(x—H) f(x)

h—0" £>0" |
&

is called the upper right—hand Borel derivative of the function f at the
point x. Similarly, we determine the other Borel derivatives
B f (x); Bf (x) and B f (x) If all these derivatives are equal, then their
total value Bf (x) is called the Borel derivative at the point x . The upper and
lower Borel symmetric derivatives are determined from the equations:

B,f(x)=lim lim — j’-f(x+t)—f(x—t) ,

h—0"e—0" t

J-f(x+t) f(x- t)

B, f(x)=lim lim
h>0" 250" h
If E f (x) =Bf (x) =B f (x) , then B f (x) is called the Borel
derivative of the function f at the point x.
The results obtained

1. An analogue of the theorem of A.Ya. Khinchin for Cesaro and Borel
derivatives. The dependence has been studied of the ordinary and symmetric

Borel and Cesaro derivatives on the set of positive measure. This type of
dependence was first studied by A.Ya. Khinchin (A.Ya. Khinchin 1929), who
showed that if a measurable function has a symmetric derivative on a set of
positive measure, then almost everywhere on this set there is an ordinary

derivative f '(x) and Df (x)= f '(x). A similar result for the high-order
generalized derivatives was shown by J. Marcinkevich and A. Zygmund (J.
Marcinkiewicz and A. Zygmund 1936), who proved that if there is a derivative

D, f (x) on a set of positive measure, then almost everywhere on this set, there

is a derivative fz(x) equal to it. It was proven that an analogue of the

Khinchin and Marcinkiewicz-Zigmund theorems is also valid for Cesaro and
Borel derivatives. In particular, if £ © Ris a set of positive measure, and at
every point in this set there exists a symmetric Cesaro derivative, then, almost

everywhere on E, there exist C, /' (x) and C, f(x)=SC, f(x).

2. On the behavior of symmetric derived numbers. As was already
mentioned, according to Cesaro, ordinary and symmetric differentiabilities
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produce the same results, to an accuracy of a set of zero measure. Two questions
arise in this context: does the set on which Cesaro's symmetric derivative is
infinitely large have a measure equal to zero, and secondly, what conditions
must the symmetric derived numbers on a set of positive measure satisfy to
guarantee the existence of a derivative SC,on this set?. It was proven that the

summable function f on the set of positive measure either has a symmetric
derivative ~ SC,f (x) almost  everywhere, or S'Cl f (x) =+  and
SC.f (x) = —ooalmost everywhere on the set £ .

Based on the result obtained, we arrive at conclusion that a summable
function on a set of positive measure can have an infinitely large symmetric

derivative SC,f (x) on a set of zero measure, and also, if SC,f (x) <+o0or

SC.f (x) >—ooon a set of positive measure, then almost everywhere on the set

E , there exists a derivative SC, f ().
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