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659 0do ©s3gb0er0s s730egdgero s bs305Mobo 3068980 0dobs, Gmd
305039 - X9MB500560L 356Mmb03 G0 b50Mgero 36990500 0gml 9hogrIenmgsbo
peol bsegs®by.

3335600 bodyggbo: dcn0s839 - xJHB5T0sbol 356mb03MGHO 650GS30,3900bwMHO
Lsbsbmz®m 609369¢0d9d0.

3Lsfyoldo gdmz00mm BmA0gMmo s0b0dzbs s A9BToMEHgds:

C - 3m33angdlme MoEbgoms 39eo.

D = {z:|z] < 1,z € C} -gHomgyemgsbo §og.

Vy(e) = Bomaeob ggmby, go. e faddowowsb pogmwgdnwo
™Mo  Jmdoo  dgoyibowo 29 —U,0< ¢ < % Amo  3moby,
HmIgdobogLag [0; eie] 500 d0LgdBHOOLsS.

Ap(e?,z) ={z:|z—e¥| <1-1r, 0<r<1,z€C}NnVp(e?)—e®
PGl bsdzmbs dosdm.

M Bod653em0b Bs393)30 9306086mo - M-oo.

bzt lim - f(z) = lim f(2) gfiocgds f gobdgool ggobygho

zevp(el?)
BsLsBO3H® 360F36gmmds e GomEowdo.
9OPIM™356 FMHgdo sb5eoBMMmo b0l Lolisbrgm 360dzbgummdols
99LFogarol cotmls 3603369wmzs6 Mm@l SLMvEgdl  de0sd39L BsdMmogaro
(Bliashke, 1915)

“lan an-—z =1 1— |ay,|?

B(z,(an))=z’1| |—n - =z’1| | <1— = >
la, 1-1a,z Lay,| 1—-a,z
n=1 n=1

booog A+ 1 Bog@om®o  Gogbgos, 0 <|a,| < |ap+1l <
1, lim|a,| =1,
n—0o

228



8. m9mzedg, m. ogmgady, 0. ogomdg, . (3005dg

Z(l— jan]) < +eo

08 3980bggz0Lmgzol, ﬁm(gb Y21 = |ay]) = 400 sOLGRMBL denosd3zqgl
Bo9Mmogaol bgoslbgs 206%masqdgdo (Picard 1926, Jxepbaursa 1945,
1948, Terpamse 1980, Tsuji 1955).

d053939-x 9580560l 356mbogzm®mo Bsdmoganl ([Ixepbamsat, 1945) 543l
Lobg

+00 P k
1—|a,|? 1 (1-|a,|?
= 4 — n - —=
n= =
Losg A+ 1 @s p Bo@@omo Moabggdos 0 < |a,| < lap41] <
1, lim|a,| =1, |z| <1
n—oo

2(1— la,[)? = +oo, Z(l— la, )P+ < 4o

f)bbbﬁ)lg)@m 6s36ogwo Bp(z, (an)) 00650M5 5 SOLMWOEHNMO©
369050005 MMM 3560 oo KMol doabom, Mol AsdmE 030 FoMdmoagbls
0B 0HNM 5369 300L Byangdom
0 0,..0,a; ay, ... ay, ...

i
3936086mm, ®MI d05339-XJMHD530560L  Jobmbogm®o  BsdMogero

5MOL % 0530560l BodMs3wol (Ixepbanran, 1948) 396dm dgdmbggzs.
a3OMBE963s d053398 653M9300LsM30L ssdB3ois (Frostamn, 1942)
3990930 360336903560 mgmegds 1.
000Lsmgol, B3 deosdzql B(z (a,)) B653Gogeel s 8ol gggaws
939659653l 3Jmbogl M50 HO  BE3sGO  dmEmon gomo el
9O EH0wd0, 5993009090 Qb U5335M0l0s, H™I

z 1- Ianl
[ —an]
5036086m; A = {al,az, v Qpy o}, BOE®™  30bO  IOMZgOOL

GooBowms LodGMageg A" -oo.

30e39eds (Colwell, 1966) 5333035 009mMgas 2.

000Lsmgol,  GMI  sMLgdMdEL  deosdzgl  BsdGogmo  B(z, (ay)).
OMIgElog  9OmgMEm3zsbo  FMgfiomol  gmagar  FomGowdo  go5Bbogls
MOPOSWNMHO  DBWZIMHO FMEMWOD JMDO, 9930 gOJ0 s B30l
E ={ay,ay, ..,a,, ..} oygmb Bs393 00 s s®bog 9330030 {z:|z| =1,z €
C}9H0g9emgsb §Oafomby.

bEoBoodo (Tetvadze, Tetvadze, & Tsibadze, 2021) @s3330390E0s
0gmeds 3.

0, 0 < |a,| < lap41l < 1,11i_>rr010|an| <1,
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+00 +o
D A —a)r =+, ) (1-a)P*h = +e
n=1 n=1

1-|an|

p+1
o ;S’l (m) < +o0,
05306 500000 593l BHeEMdSL:

lim By+1(z (an)) = Bpsa (eie, (an)) # 0, 0.

z-elf
d300mm  aobbowyan  0dbgds  sbsemaoMo  Ls3ombgdo  d0sd3g-
X9M05d0560L 356mb03MMo Bs3Msz3Elsm30U.
ogm@gds 4. godgom  E c{z:|z|=1,z€C}. 03obsmgol, I
5OLBMBEIL BEP0539-%gMBF0sBOL 39bmBog®o Bs8M3mo Byi1(z, (an)),
HMAOoLogoLsg Bgdoldogmo et (0<0<2m) oGO0 sMLGdMBL
39OBYMO DOIMO s LOWWEIOS 30MHMDS
lim Bp+1(z (an)) = Bpis (eie, (an)) # 0,0

z—elf
3MEOWYOYE0 o B335M0L0s E 0gmb Bo3zn@owo s sMLs@ 930030
LodGsgang {z: |z| = 1,z € C}-Bo.
©503303905: 15335MOLMBS. 33900 E Bs39@0wo s s®Bs 9330030
LodMogangs, MgMMHgds  2-0L  doseoo  SMLYdMBL  olgmo  F0IIIMMdS
(an)n v hm |an| =1, Z 1 - |an| < +oo.

+0oo
1- Ianl

— < F00,
n=1 |619 - anl

Mol oaM™M3900L aMGowms LodMsgmgs E s Fglsdsdols

005939l 653MOgl 543l M90sBmwo  BrzsMo M0’  9PmO,
9O gMm3560 HOHgHomol gmzqw Fo®@owdo.
03060dbm» b, = (1—i
n % >
1

bosg sint = 1)

. _ _ :L
3HOO0 Tlll_r)n b, =1,1—|by| = 1 2)
@D L2 = by DP = 55— =+, ERE(1—|b,)PH =
Zn 11:/— +Oof

(1—|bn|)=|1—<1—%)cosen—i<1 \/_)smsn =

oo o - e
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1 2
=J1—2<1 \/—>C055n+(1_%>
= (1—(1——>>2+2<1——>—2<1—i>coss
B Vn Vn )
: <1——>(1+coss)> 4<1—i>sinzgn/
ECNT " Vn 2
’ 1
> 2 1—%Singn/2

9.0.6OHmEon = 2

L= Iby D> 2 [1—— in 1/
(1 —1[baD) ~7psin Ty

599056 ) 50360865300 2 /1 - p—\}i =q > 0, 35906 (1) s (2) dsgroom
90300000:

q

(p+1)?

[1—b,| >———

50 99396513690 MEHMEWMBOL s (2)-0b Fom3seobfiobgdoom

00—1 -p+1 (00 (00
(o M= AT R
1 1 1 P+1 1

n=2 n=2n
B +0o0 +00
1 Z 1 1 Z 1 <4
= = (o]
p+1 p2+p+1 p+1 1
q n=2p p(p+1) q n=2 n1+p(p+1)
9.0.
i <1 — |bn|>”+1 <+ 3)
[ 0,
> I]- - bnl
oy et € E 35906 (2)-0b dogroom
lim b, eifo = eifo €))
n—-coo

obs  39395960m0s6mm  (a,)1E ©o (bnewﬂ);:l 80009303980 >
3900036mAOM® 5300056 Mol HBMol T9bsMbbgdoo. doz00gd0
500 (€)+%) 800g30MdL, HMITOL EROMZIOOL GO EHOW™Ms LoAMOZES
E, 535006, (3) s (4)-0b dsgrom

+ 00

1-1c p+1
Z(we—uc!l> < +40,,(0<0< 2m).
—tn

n=1
5990056 mgmEgds 3-0l dsgrom
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lim By+1(z (cp)) = Bpsa (eie, (cn)) # 0,00,V0(0 < 6 < 2m)
z—elf
5MG0@gBdEMBs: 330 Byy1(z, (ay)) 50l demosd3g-xg®ds80s6ol
396mb03m®mo 653630, MMIolm3zolsE LMMEEIdS MYMEMIOL S0MMDJOO
@ (a)i®  80893emdOl  @ogmm3gdol  FgdEomms Lod®sgangs E.
OMAMOE  3BMdOWO0s, IMM3500L  FoMdBHowms LodMegwg ymggamazols
Bo39B0oos, 9.0. E LodMsgwg Bo3gdowos. s03bodbmom € (Bp+1,ei9) -0

By+1(2 (an)) 8096J300L Bugewmo bodmsgemy % BaéBHowdo (Seidel 1934)
. 3H5009,
0 € C(Bpt1,"%) 050 & Cr(Bpi1e®), o e €E,

boss Cr(Bpr1,e®) 560L Byyq (2 (ay)) %ugdmo  Lod®sgmg

50MLOL 2oLH3M03, 9.0.
C(By+1,e") # Cr(Byrre™).

5003mMd  3meobamol (Collingwood 1958) mgmMgdol dswoom E
LodMogang SMOL 300390 353JHMOO0L LOdMsgang, 9.0. E §amdmoyobgds
oMbs 3330030 L0IMm3¢ggd0L  LElMWo 6 mzEso  LoIMIZ3EggdOL
3996000569008 Loboo s Moyb 03539 ©@OML E ool hs39EH0wo
LodMsgang, 5d0EM3 ol 0gbgds sMLs@ 9330030 LOdMsgary (Colwell 1966).

09MEH935 99BHI0GEIOIW0S.
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The paper establishes necessary and sufficient conditions for Blaschke-Djerbashyan
Canonical product, to be convergent on the boundary of the unit circle.

Keywords: Canonical product of Blaschke - Djerbashyan, angular boundary values.

For the beginning, there are some definitions:

C - the Field of complex numbers.

D = {z:|z] < 1,z € C} - Unit disk.

Vo (e'%) — Stolz Angle, i.e. Angle equal to 2¢,0 < ¢ < m/2 and formed
by two chords passing through the point e‘® for which the radius [0; €] is the
bisector.

Ap(e,z) ={z:|z—e|<1-1, 0<r<1,z€C}nVep(e?)—
Triangular neighborhood of the e point.

By M denote the closure of the set M.

The limit Zlirg}g fl2) = Zl:i)rellle f(2) is the angular boundary value of

zeVe(elf)
the function f in the e point.
Blaschke product plays an important role in the study of boundary values of
the analytic function in the unit disk (Blaschke 1915)

“Tlanl a,—z 11— |agl?
B ) = ;{ - ’
(z,(an) =z n|=1| a, 1-az ° l l|an| 1— a,z

Where A + 1 is natural number, 0 < |a,| < |a 41| <1, lim|a,| =1,
n—o0o
+o00

D (= lanh) < +eo

n=1
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In case, when Y42, (1 — |a,|) = +, there are different generalizations
of Blaschke Product (Picard 1926, Ixepbamsu 1945, 1948, Tersazze 1980,
Tsuji 1955).
Canonical product of Blaschke - Djerbashyan ([xep6amss, 1945)

r 1—|a,|? Pl 1—|a |2k
= /1| | 1—-——""" E — n
BP+1(Z: (an)) z n_1< 1—-a,z exp k—1k 1-a,z

is particular case of Djerbashyan product ([xep6aurax, 1948), where
A+ 1 and p natural numbers |z]| < 1,
0 <|ap| < lapn41l <1, lim|ay,| =1,
n—->oco

+00 +o
D (1= 1aa)? =+, Y (1= [ay )"+ < +o0
n=1 n=1

Infinite product Bp(z (a,))is unifomly and absolutely convergent
inside of the open unit disk, and represents analytic function with zeros
0,0,..0,a; ay, ... ay ... .
A
Frostman proved for the Bliashke product (Frostamn, 1942) the

following important
Theorem 1. In order for the Bliashke product B(Z, (an)) and all its subsets
to have a radial limit with modulus of 1 in e‘® point, it is necessary and

sufficient that
+ 00 1— |a |
— " <4

Iele - anl
n=1

Let us denote A = {aq, a,, ..., ay, ... }, and the set of its accumulation points
by A'. Colwell (Colwell, 1966) proved it.

Theorem 2. In order for a Blaschke product B (Z, (an))to exist, such that it
possesses a radial boundary of modulus one at every point on the unit circle,
necessary and sufficient conditions are that the set E = {aq,ay, ..., a,, ...} is
closed and dense nowhere on the unit circle {z: |z| = 1,z € C}. This condition is
proved in the article (Tetvadze, Tetvadze, & Tsibadze, 2021).

Theorem 3. If 0 < |a,| < |ap+1| < 1, lim|a,| <1,
n—oo

+00 +00
Z(l —ay)P = +OO'Z(1 - an)p+1 =+,
n=1 n=1

and
+ oo

1—lay| \""
Z <|ei9 — anl) < e
n=1
Then the following equality holds:
lim Bpi1(2 (an)) = Bpy1 (eie, (an)) # 0, .
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Similar issues for the Bliashke-Jerbashian canonical product are
discussed in the article below.

Theorem 4. SupposeE C {z:|z| = 1,z € C}. In order Blaschke-Djerbashyan
canonical product Bp+1(z, (a,)) to exist, for which there is an angular limit at
any point e (0 < 0 < 27) and the condition is fulfilled

lim By 41 (2 (@) = Bysr (€, (@) # 0,00

z-elf
necessary and sufficient conditions are that the set E is closed and dense
nowhere on the unit circle {z: |z| = 1,z € C}.
Proof: Sufficiency. Suppose E is a closed and nowhere dense set, by
Theorem 3 a sequence exists (a,)+2 vl llm |an| =1, 3% 1—|a,| < +% such

Z 1-lanl _ o
[0 —a]
set of accumulation pomts is E and the corresponding Blaschke product

has a radian limit with modulus one at every point of the unit circle.
1
Denote b,, = (1 - ?) e®n where

n

that

Cen 1
sm;——(pﬂ)zﬁ. (1)
. . 1
Obviously 711_)1‘{)10 b,=1,1—|b,| = = 2

And

\ +001 +1 _
;(1—|bn|)l°=;;= Z(l—w )P Z —— = 4o
(1—|bn|)=|1—<1—T)cosen <1—T)sm£n
(=) (- e
= e cos &, B sin?g, =
=\/1—2<1 %>cosen+<1—%>

= (1—(1——))2+2<1—i>—2<1—i>coss
= T e e n

= i+2<1—L) 1+ > 4(1——) in2 én/

= 2 2 ( cos &) T sin 2

> 2 !1—%sin€"/2

i.e. when n > 2
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1—b,]) > 2 1—i"9n/
1 —=1bnD) 75 2

Hence, if we denote 2 }1 — p—JE = q > 0, then according to (1) and (2):
q

(p+1)?

|1 —b,| >

Considering the latest inequality and (2)
1 P oo

S R R e R
_ p+1 — ap+1 P — ap+1l P+1, 1
£ \|1 = byl L q qPTt L \np¥T g =24

n=2n p ptl

+00 + 00
1 Z 1 1 Z 1 s
= = (0e]
p+1 p2+p+1 p+1 1
q n=2pn p(p+1) q n=2 n1+p(p+1)
i.e.
f <1 - |bn|>p+1 <+ (3)
—_n 0 .
—_ |1 - bnl
_ n=2
If e € E then according to (2)
lim b,eife = gifo %)
n—-oco

.. i +oo .
Combining (a,)#%; and (bnewo)n=1 sequences and enumerating them
in a manner that preserves increasing modules, will yield new sequence

(cp)#%y, for which the set of points accumulation is E, and moreover, according
to (3) and (4)

< 1- |Cn| P
z m < +40,0,(0<0<2m).
n=1 n

Hence, according to theorem 3
lim By (2 (cn)) = Bpss (€%, (cn)) # 0,00,¥6(0 < 6 < 2m)
z—-elf
Necessity: Suppose B,41(z (a,)) is the Blaschke-Djerbashyan canonical
product for which the conditions of the theorem are satisfied and the set of
accumulation points of the sequence (a,);:%} is E. As established, the set of
accumulation points is always closed, i.e. E set is closed. Let us denote by
C (Bp+1,ei9) the limit set of the Bp+1(z, (a,)) function at e point Seidel
W....1934). Obviously,
0 € C(Bps+1,)and 0 & C,(B,41€"%), when e € E,
where Cr(BpJ,LeiB) is the limit set of Bp+1,(z, (a,)) along with the
radius, i.e.
C(Bysre®) # C,(Byyre™®).
Therefore, according to Collingwood (Collingwood 1958) theorem, the
set E is a set of the first category, i.e. the representation E is a union of finite or
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countable sets of nowhere dense sets and also E is a closed set, so it will be a
nowhere dense set (Colwell 1966).
The theorem is proved.
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