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The article presents boundary value problems for growing viscoelastic solids.
Determining equations for non-growing (basic) solids are written. Equilibrium equations
for growing solids are written, and boundary conditions are stated at small deformations

on the boundary of the dividing surface of the main and additional bodies.

Keywords: the tensor of the rate of change of stresses; the strain rate tensor; viscoelastic

solid; growing solid.

A growing solid is considered to be a body whose volume and configuration
change during the loading process (technological processes of twisting, pressure
molding, laying of covers by electrostatic method, etc.). Growth could be caused,
for example, by the discrete or continual joining of other bodies, or changes in
body configuration. Boundary changes may also be related to the partial removal
of material during the deformation of the body. In the process of growth, not
only the volume and configuration of the body change, but also the elastic and
rheological properties of the material, both in time and by coordinates. Changes
in the physico-mechanical properties of viscoelastic materials over time (the
aging process) occur as a result of physico-chemical transformations taking place
therein, the intensity of which depends on the action of various factors, such
as radiation, temperature field, time, humidity, pressure, growth rate, etc. It is
usually assumed that aging occurs independently of the deformation process. The
properties of an increasingly viscoelastic body are exhibited by biological tissue
under normal conditions. Many real artificial and natural materials (concrete,
polymers, ice, soil, and wood) exhibit pronounced creep and aging properties at
normal temperatures. Obviously, the significant dependence of the regularities
of deformation of these materials on the time factor essentially complicates the

223



943040 BIHINR0L LOBLINIBNBM IGN3IALOSISL 3(M03dT, 2024, Nel(23)

The construction and manufacturing technology of filament-wind and
massive structures is directly related to the discrete or continuous connection of
elements of different ages and materials to the initial body. These bodies are
characterized by the fact that the age and properties of their elements depend
on spatial coordinates, and the configuration is constantly changing during the
loading process. Non-uniform properties in time and space essentially change
the picture of the stress-strain state of a body, and it becomes necessary to
consider the laws of creep theory. Issues of creep of non-uniform aging bodies,
and mechanics of growing elastic-viscous solids are discussed, in the works of A.
Manzhirov, N. Arutunyan and their students (Arutunyan ... 1983, Arutunyan ...
1984, Manzhirov ... 2006).

Consider the deformation of a growing, elastic solid, which, before loading,
before the addition of other elements (mass), occupies a three-dimensional
Euclidean area Q0 with a region-by-region smooth boundary Q0. The area Q0
is called the core.

q* (k = 1,2,3) denotes the material coordinates of the points for any chosen
coordinate system. The radius vector R of the material point is a function of
material coordinates g¥and time t, and

R(q* t) =ri(q" t)é; = R(q¥,0) + U(q",¢),
where U (g%, t) is the displacement vector.

At some point in time (e.g. t=0) the growth process begins and continues
until time ¢ In the process of growth, additional elements will join the body
and occupy the area Q (t) with a smooth surface 8. In the process of growth,
during the formation of a solid state on the surface of a body, internal force
factors are induced by the action of loads (e.g. volume forces, pre-tensioning
forces of the element, etc.), and the displacement vector and deformation tensor
cannot be determined if the initial state (geometry) is unknown. However, it is
possible to determine the rate of deformations and the increase in stresses using
the usual methods of solving technological problems. Therefore, it is convenient
to write the equations of the mechanics of a growing, elastic solid in increments
(or velocities).

Let us call the tensor defined by the equation

DP(t) = PYE(6)é;(t)

the tensor of the rate of change of stresses, while the tensor defined by the
equation

De = &;;(£)E'(t)él(¢)

we shall call the strain rate tensor for short.

224



. bogodadg, b. 3oMmomgndgnmo, ™. 3ogzody

Assume that the growth process begins on one side of a solid deformable
medium (body) surface, that is, the growth starts at the moment t=0 at the
boundary (or part of it) of the deformable body. Accordingly, the surface at the
beginning of the growth process is a common boundary for the main and
growing solids. We shall say that the body is such that its further behavior at
some point in time ¢is determined by its characteristics (parameters), which are
given for that moment. These parameters can be the components of the stress
and strain tensors and some additional parameters hy,,u = 0,1,+--,U. The
defining ratios for this type of solid environment are as follows (Trincher V.
K...2001):

PU(t) = CT(H(1))é () + CY (H(D)),
() =G/ (H®))é;®) + Cu(H®),u=01,--,U, (1)
where H(t) denotes the actual characteristics of a solid medium.

Of the functions defining the initial state of the body

PU(q%), ;5 (q%), hu(q%), @i (g"), (,j.k=1,2,3; u=0,1,--, 1))
2)

where a'are three parameters that determine the location of the vectors in
the initial orthonormal basis €;, 9+ U+3 are independent, because the result is
equation:

div PY (p*)&;(p*)&;(p*) = 0

A system of equations consisting of defining ratios (1), of equilibrium
equation

PU,jé; + PUé;; + PY&V,/V + pF = 0 3

and Cauchy ratios
0 0 0
2¢,(¢" )= gy(qkaf]—gq(qu g,(q" 1) gi,-(qk}%(qﬁtj @)

where V=,/g, g= det(gij),gij = é; * € creates a complete system
of equations for the properties of the body. If we add to these equations the
condition determining the initial condition in written form
0(q',0) = 0 (5)
and the standard condition on the non-growing boundary of the main

solid:  fo(q',t) = 0, we obtain the first boundary value problem for the main
solid.
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Now let us set the initial boundary value problem for growing solids at
small deformations. We mean that at the beginning of the process of the
formation of a growing solid, its surface represents the boundary between the
main and growing solids. Suppose that each point of the growing solid joins the
body at some point in time t* € [0; t] of the growth process. {p"i } (i=1,2,3) In
the spatial coordinate system {pi} (i =1,2,3), let the moment t* of joining
points to the body and the coordinates p* and p? at the moment of joining this
point, be the material coordinates (Trincher V. K...2001), that is,

t=t,q=p’ t=t" (s=23) (6)

At small deformation, the known set {p'}of growing boundaries in the
spatial coordinate system is given as follows:

p' = fi(t,p%p*). 7)

From this kind of coordinate system, we can go to such an orthogonal
coordinate system (which exists only at small deformation), for which the set of
boundary surfaces is included in the set of one of the coordinate surfaces. In
such a coordinate system, the growing boundary equation {p'} (i = 1,2,3) in
the spatial coordinate system is as follows:

p' = fi(t) or t=fl(p") =t* (Y. ®)

At small deformations, it is convenient to move from the material
coordinate q* = t* to the coordinate g = f (t*).

Let us denote by p'the material coordinates q!. With this notation, we
emphasize that the coordinates p’ at material points g* are close enough to the
material coordinates g':

r(q',t) ~ Xb(a').

It is convenient to move from the time t to the reduced time by the
formula: p = f;(t). Let us move from the local basis of the orthogonal
coordinate system (p,i = 1,2,3)

é(q’,t) ~ P (p)),i,j = 1,23
to an orthonormal basis
P 3P (i
m(p') = i ©

Note that the set of growing boundaries should be considered known
because, based on the growth technology, the growth rate h, is known
(determinable), which determines the thickness dh of the infinitely small layer,
which is joined during the time [¢; t + dt], in the following equality:

dh(t,q% q*) = h.(t,q% ¢*)at.

The growth rate h,, by using the reduced time, is determined by the
formula:

h.(p') = e1 (@) (10)

Using the equation (10), it is possible to build the natural coordinate system.

226



3. bogodads, b. FoMmomgndgomo, ™. 3oggody

The local basis of the current coordinate system (9) on the growth boundary
is called a given basis {ﬁf (pj ) = ﬁi(pj ,pl)}, which is considered known at
small deformation (before solving the boundary value problem ).

The basic provision of the theory of growing bodies is that the stress-strain
state of the material points of growing solids at the moment of joining is known,
and at small deformation, the tensor characteristics are given in the
basis {7} (p’)}.

Thus, on the growing boundary p! = p and before solving the boundary
value problem, the state-defining functions (parameters) are known:

Pij0,p*) (0, p*), by (p, p*), i(p, p°) (1,7 = 1,2,3;5 = 2,3;
u=201,-,0) (11)

Equation (11) contains 12+U+3 quantity functions, among which the
dependent functions will be found if there are integrable equations from the
defining ratios of the body.

The boundary problem for growing solids includes:

The complete system of equations:

Py (p.p")
= Cijil (H(P'Pk)) (D 0") + t*(0)Cy; (H(P,Pk)).
hu(pp*) = € (H(p,p¥)) &5 (p, ) + Cu (H(p. DY), (12)
(Piji(p, )11 (") + Py (0, 0" )54 (p") + Py (p, )10t (p*)V,i/V —
—eu(P N/ = F.0"), (13)
2¢j(p,p*)
= Ri(p.") R, (0.0")/(18:(0" )18 (")) + 2255 (")
—29%(p*) k =23.(14)
Boundary conditions:
a) On the main boundary p* = pj:
u'(ps, v, % p*) = ug(p,p*,p*), (14)
b) On the growing boundary p! = p:
P;j(p5, 0. 0% 03 ) = PL(0, 0% 0%, by (05, 0, 0% P? ) =
hu(p.p*p°). (15)

Since parameters do not depend on time, we have the following
equations for them:
a;(ps, v, 0% 1) = a; (0, % p*). (16)
Equations (12) — (16) represent the main boundary value problem for
growing solids at small deformations.

The article is published within the framework of the grant of Shota Rustaveli National
Science Foundation of Georgia (FR-21-3926).

227



