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050098503960 BoBOIs

8m396&Ho 3xd3gB0b yomgsemolfjobgdo ByMawo Gbggol
30M39¢0 80y 9M01335MmM3560 dMEYgmo Lsbsbmad M
58m3sBolismzgol LygmomMogo MoEbgzols s 1Bs3MMMOZ0 39JGHM™G-
8096ggo0l 3mgbol dglisbgd

30L& bgs6xdg

kostasvanadze@yahoo.com

93930 §96gmmol Labgerdfonm wbogg®lLodgdo
J95350L0 LogoMmMz9EMm

6536030 3560530290 F900MPOO0  OFIbomos, GMI  Js6®H0350dIM0
3OBYgemo bsbexamo s6olb  Jgdombggzsado, 8mdgbdnGmo Mmg3s0mdolb  09mGmoob
daMs@0 ®bggol 306390 9H03350Mm35b60 Lsbsbmatm s0misbol (Bmas sGob
bsB350bg 35050030e980L 399BHMM0 s dMb3s byl Momol) bszmo®ozo
©03b30 L3930 939890 3bJ30Mbscrol »z0Mgbo d609369cMmdss, beagne
bsgmo030  399HMG-39654305 s@bodbmero  BMbjszombserol  ds8oboboMgdgaro
39JO™O-832bggoss.

bs3gsbdm  bodysgdo:  0md9bB«Go  ©Mg30MmBoL  mgmGool,  dEaGHoo
Mbg30l 3063900 Jogs dOGYJro Lsbsbrz®mm sdmasbs, 356G0s30weo 39000,
376930mbsemo, ds9060D0M939cn0 397G ™H-329693005.

19, 8m896EH 0 3513900 gomz5eolFobgdom, BaMs@o HbgzoL 9HmMAz5MHM36
2396@M@gdsl Mo go6BmBoEgdols Ggdmbgggedo FsGGoEIEeo BmMIom 593l
390800920 Lobg (bgsbsdg 1971: 285-288):

A(ox,v,0)U(x)=A(ox,v)U(x)+0°U(x) =0, (1)
bogog U = (UI,U2 )T 2900550030 g00L 39JGHMM00,
A(ox,v) = [Akj (8x,v)]2X2 : (2)
2

A(@x,v):5ij(,u—vA)+(/1+,u+vA)axaéx . k,j=12,

kg

A -@53@5L0L M39GoE™mM0s, O ‘T 360mB93960L LoAdMEMs, A, 1L ©5 V ©M)3500
09000039005. 5060860 89303900 53359MmB0gd96 G989 30MHMdYdL:
252



3 Lgobadg

#>0, v>0, 31+2u>0, (3)
0 Mbg3ol Lobdomgs, > 0.
3936086mm, Hma
A(ox,v)U(x)=0 (4)
§om8moagbl, mMo 2obbmBowgdol dgdmbggzedo, mdgbEMo MY3oMdOL
09mH00L bGEH0ZOL 9OMYZ9MMZD obEMEgdL.
309350, D' 856303500800 Lslimvemo mmas6Bm80wwgd0s60 5693, Hdeols
Lsb3560 S Gg36amo C>%, 0<a <1, 3amsbol Fomos, D =D"US.
939900 30290lbIgdm, H™A (1) 2obEmangdol, MHgymwstvywo U = (Ul, U, )T
20mbsbLBO 53059mMe300gdL 9392 S0MMBGAL:

UECI(E)W+), coneCﬁ%f!Dﬁ.

T oy,
sbaws  893608bmm, Gmd D' 56930 Ggammstvymo U =(U1,U2)T Qo

Vz(K,I/z)T 399JHMO-81bJdE0gdolsmazols  saomo o3l aMobols  d99gy
RMOIMsl (bgebsdg 2021, 207-211)

j+ [V (x)A(2x.v)U(x)+ E(U.V.v) ] dv = { [Lv(»)][ru(y)] d,s, )
Los@3

LV(y)=L(5J’)V(J’):[Vl(y)’V2(y)’Gyl o,

TU () =T (3y,v.n())U () :[’1”2” an?y)(%% B Z;le HT

7, =2u ai((])‘}) +Anm (y)divU (y)+(vA+ u)n, (y)(aU2 _9U, j,

EEN
aUz_%J
¥ )

=20, ()0 ()~ )

0 0 . r
w=nla+n2—, i’l=(i’lf}), gy)) S 606)01)1)@80 y=(yl,y2)

D9OGH0WT0 2o3agdEo gstg bmMTswol dqlsdsdolo ghmgmewmgsbo 39JEmMos,
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au, 8U ov, oV,
E(V,UV)=E(U,V,v)= 3/1‘;2/‘dlvU divl +—= ,uZ( o 8 ](Bx +8x J+
(6)

p#q P

o 6x 6x 8x = ox,\ Ox, oOx, Jox,| Ox Ox,

q

(5)—9b Gxazs V' =U 33543

[[U(x)A(ax.)U (x)+ E(U.U.v) ] dv= j [Lu()][ru()]'a,s. @)

Dt

Logog

2
3ﬁ,+2,u ouU, U,
E(UU,v)= | divU | +2”Z(6x o ]+

p#q
ou, ou,Y & [ a(eu, av,
+ +
3”2(& éxJ "2 [Gx(&x axﬂ

(8) 6 (ob. (3)) Bsoas BB, Hmd £ (U U, v) @OIBOMSE 3oBLBEZOO

®)

3350O5GMIO GOOss. 53L0sb £ (U U ,v) =0 296¢m9gd0bL 53mbsblBos
U, (x)=b —ax,, U,(x)=b, +ax,
Lo a,b,5 b, Bgdoldog®o Bsdzowo 3w9803980s.
3963036000 M3 (7) B30 sb 2odmBobstgmdl, (ob. (1))
9m0gds 1. oy D' s6980 U= (Ul, U, )T Godmoagbl (1) aobGHmagdol
930 58mbBabligbl, 35906 50w 543l 4M0bol 8gdgy FmOIMEsls

j[E U.Uv)-0°U? | dv = j[LU(y)]+ [TU(y)] d,S. )

sbgns a9630bowmm gMbdombagno

1(Uv)= rg((JUv)) , (10)
Loqog
M(Uv)= [ E(U.U.v)dx (11)

D+
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H(U)= [ U dx (12)

D+
E (U U ,V) 296L0BE3HOs (8) FmGHIO.

(8) 3m®IMol Lsggmdzgwby, 3sME035© 35133600, MM (10) gmbJgombsgro
o800l Y0NS 4oBLBOgHwWL.

20, 65860380 9b60bowgds 998ga0 s9m3sbs

D" 56980 303m3mm (1) g3b@m@gdol obgmo U =(U1,U2)T 93O MEO
59mbsblbo, Mm3garog 93059mBoEgdl 999y LELIBOZMM™ S0MHMBLL

- ou, au, |
OO U002 -2 0 yes,
¥y
50b086)0 53m3965 FoHdmoagbl ImdgbEHwMmo dsdgzgdol dyMso Mmbggzol

P +
30639 3025 9M0A350M356 LobsBEZMM 533658 s ol (1 j -0 50360386530m.

0

23M0bob (9) Bm®IMEol 459mygbgdom, BsMGH035 3303 Ids 899 a0 0gmMgds

- +
0Myeas 2. ([ j 00m3965L 9036w Mg560 53MbIbLLBO Yoskbos.

0

o +
50b0db)o  gmeHg8oEsd Bsmwsw BsbL, GmI (1 ) 59mEsbsl qooBBos

0

15399000030 oEb3o s bY3MMNMHO30 39]BHMM-BbJ30s.

P +
J390m» ©s83303900 04bgds H™I (1 ) 09m3560L Logmm®ogo Mogbgo,

0
2960L5BEZMGVOS BHMEMBOM

H(u,v)
H(U) >0, (14)

o* = I(U.v)=

boosg U =(U1,U2 )T s6ob 1 (U ,V)—b 0530600Mgd9wo 39dBHMO 5bd30s. b

o +
(1 j 59m3560L bsgm®og0o Bbdaos.

0

o +
30. (1 j 5803560L 53mbLbs.

0

255



94030 BIHIN0L  LOLINIBNB ‘IN3IGLOSGISNL 3(03BT, 2022, Ne2(20)

50bodbwo  5dm3sbol  53mbLbs dmgdme 0dbgds (Svanidze 2020 65-70)
6m0530 asbbowwo dgommom, GMIgwon 9gxuwdbgds 5. dofedol dgmmel
(Burazgse 1976). 5000 593b 999c09 00mMHgdsls.

0gmMgds 3. (10) x3bigombogrol dsdobobomgdgwo U =(UI,U2)T 399&H™6-
+

1bdzos FoMdmowagbl (1 ) 09m3960L Logmom®mog 39d@mO-3mbdiosl, 0w ol

0

5305930 gdL (13) LobobEgH™M 30MHMBSL.
@99()3039%5. 30935m, (10) gbdzombseol 8580boBomgdgmo U =(U1,U2 )T
309BA™MO—-3B63J0s 53059g306gdlL (13) LolsBEgMM 30MHMBSL. S353BHIOEM™, md

U=(U,U,)" §s68ms0agbl (I) 5335500 53BbLBL.

0

59 80%BBoom gobgobowmoe U (x)+8h(x) 39JAMO-BbJ30s, Lssg &
6900L3ogMo  Lgseswmo  m@dogos, bmerm h=(h,hz)T 0 D' 56930

B900L30geMho MO0 39JEHMO-BMBIE0, 5T5LE 53859MmzoEqdL d9dway
3060MdL

[Z(&)h(»)] =|:hl (y)a%(y),%—gy—}z]T =0, yeS. (15)

8936036mm, H™B §egdgbEs MO 350MmmM3wgdol Fasw doz00qd0 (ob. (10)
o> (14))
H(U+8h,v) B H(U,v)+26H(U,h,v)+821_1(h,v)

¢()=1(U+eh,v)= = >0

H(U+eh)  H(U)+2sH(U,h)+&*H(h)
L33 (0b. (6) (8) s (12))
(U.hv)= [ E(U.hv)dy, (17)

Dt

(U, k)= [ Unds. (18)

3936036mm,  M5p9b ¢(8) R}MbJgool  £=0  96033690mdsBy  5g3L
80608semEo  86093690™Bds, 580E ™I ¢'(0)=0. B9ty 3bM0g, 358m3obaty
5990056 sghigto (ob. (16))
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(U h.v) H(U)=TI(U.v) H (U.h)
H* (V)

¢'(0)=2 =0, H(U);tO,
Ls0gsbs3 (12) s (14) BHmamdgdol Logwdzgwbg doz0mgdm
(U, h,v)=0"H(U,h). (19)
sbaws (5)-80, vy ©odggde V¥ =h, 385306 (1), (15), (17), (18) s (19)
B0OHIMEgd0L 4om35¢00LF0bgdOL Fggas® ©oghgmm
I h (x)I:A(ax,v)U(x) + O'ZU(x)]dx =0. (20)
et
(20) gm®HIMEols oM bgbs Gbotgdo, Ibgwzgwmdsdo o) 3030093 08 Bod@b,
o&md D" 56930 h(x) B900L80gM0 BMEOLosb 2oblbgogdumo MmgamEs® o
39JBHMO-bd3055, 85806 BoMEH035®© ©s3sL3360m, HMI (10) BMbJsombsrols
858060%BoMgdgwo U (x) 39J0™M-gbJgos  FotmBmoabl (1) as6@Hmmgdols

39mbsblgbl o 53359mxz0EgdL (13) LobsbLzMM SoMMBOL.
0060350, 09M©M90s 3 LsdoMmNE05b0s.
3L, Fg360dbmo  Fgd@aao. gmMgds 3-Lo s (14) FGHmEwmdol

Logmdggaby  Fgag0d@os  @ogoligzbim, oy U (x) Gomdmooagbl (U ,v)
B96J30mBools 853060B0MYBw  gaddmO-gBadost, 85306 o =1 (U ,v)>0

o +
360b (1 ) 5003960L »)9306Mm9L0 Ls3zNMmO30 MOEH3O.

0

@oBIOGNOS

b3s60dg, 3. 2021. ,,0m96EGHMOO OMISOMBOL MYIMMOOL BESE030L 3003900
dMEY9ge0 Fod LoloBLIMM 53MEBOL oM0s(309w0 FJINMPO 5TMbLBOL
dglobgd“. 93530 Pg@gorerol Lobgerdfogm boggmdbodgdol 0msddy, 2.
2021: 207-211.
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Mathematical Physics

On finding a proper number and proper vector-funciton for
first plane interior homogeneous boundary value problem of stationary
oscillation with regard to moment strains

Kosta Svanadze
kostasvanadze@yahoo.com
Akaki Tsereteli state university
Kutaisi, Georgia

In the paper by variation method it is stated that in the case of a finite simply connected
plane domain a minimal proper of the first homogeneous boundary value problem, of
stationary oscillations with regard to moment strains (when on the boundary domain
the displacement vector and the rotation are equal to zero) is equal to the minimum value
of the specially constructed functional, minimizing vector-function of the functional

represent a proper vector-- function of the problem.

Keywords: the first plane interior boundary value problem of stationary oscillations

with regard to moment strains, variation method, functional, minimizing vector-function.

19. The homogeneous equation of stationary oscillations with regard to moment

strains for the two — dimensional ease can be written in the matrics form as (Svanadze
1971)

A(ox,v,0)U(x)=A(ox,v)U(x)+0°U(x)=07 (1)
where
A(oxv)=[ 4, (@x.v)] 7 @
2
A(@xv) =8, AMp—vA) +(A+ ptvd) =2, k=127
~ axax,

5]” is Kroneker's symbol, A is the Laplace operator, U =(UI,U2 )T is vector
displacement, A, 1 and Vv are elastic constants, In the sequal is assumed that
u>0, v>0, 31+2u>0, 3)

o is the oscillation frequency o >0.
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Note that
A(ox,v)U(x)=0, (4)

represent the homogeneous equation of statics of the moment elasticity theory, for the
two-dimensional case.

Let D" be a finite domain bounded by a closed curve S € C**, 0<a<l
D' =D* US 8 In what follows we assume that

UeC‘(E)rrc‘m+), wzwecﬁ‘hﬁiﬂ).

) T oy, ) )
Note that for aregular U = (Ul, U, )T and V' = (Vl, v, )T vector-functions we have
Green's formula (Svanadze 2021)

[ [V (x)4(ax.v)U (x)+E(U.V.v) ] dr = _[[LV ] [ru()] 4.,

5)
where
ov, oV,
Lv(y)=L(@)V (y)=|Nn().V2(r). ===
(y) (éy) (y) |:1(y) ()5y1 a)’2:|
8 aUz_aUl '
10 (y)=T (@yv.n(y))U (y){fvavan(y)( » ﬂ ’
Zyaa[(Jy)+/1n1(y)a’lvU(y)+(VA+ﬂ)”2( )(%J,UI (ZZJ
E(V.Uv)=E(U,V,v)= 3/1-;2’udsz divV +— ,uZ(aaU GaU J(%+%J+
pea\ X Xp 7 p (6)

R Z:aU ou,\(ov, 6V+vi au, au) e (av, o,
“axaxaxax EACEESE: '

P axl axZ
From (5) when V' =U we obtain

[[U(x)4(ex,v)U (x)+ E(UUv) ] dx = j[LU ) Trum]'as. @
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Where

2
ou, , U,
E(U.U.v)= 3’izﬂw Up +2,u2( 4) +

pea\ OX, 8xp

2
2 (U, oU 2
L, 2 U]y | 2 (2 2
374l ax,  ax Sl oy ox,

p q

Due to (3) it follows that £ (U U, v) is the positively defined quadratic form, also note
that the equation £ (U U ,v) =0 admits a solution
Ul(x)zbl—a:xz, Uz(x)=b2+axl,
where a,b, and b, are an arbitrary real constants.
From (7) we have
Theorem 1. If U = (Ul, U, )T is a regular solution to (1) then we have the following

Green formula
[[EW.Uv)-cU*]ax=[[LU()] [TU(y)] d,S.  ©

Let us consider the functional

n(v,
I(U.v)= ; (U;), (10)
where
n(U.v)= | E(U.U.v)dx, (11)
H(U)= [ U d, (12)

E(U, U, V) is defined by (8).

On the basis of the above results we can say that the functional (10) a positively defined
quadratic form.

2. In the paper we consider the problem.
P +
Problem (1 ) . Find a regular solution to equation (1) in D* which satisfies the

0

boundary conditions
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[L@)U()] = [Ul (»).U, (y),(%—%ﬁ =0, yeS. (13)

Using the Green formula (9) it is easy to prove.

o +
Theorem 2. The problem (1 ) has a non-zero solution.
0

. +
Thus, the problem (I ) has proper number and proper function (proper number
0

represent &~ >0).
Finally on the basis formulas (9)-(12) and condition (13) we arrive at the equality

0'2=I(U,v)=%>0. (14)

o +
30. Solution of problem (1 ) .

0
By the method in (Bunazze 1976 also Svanadze 2020) we can find a solution of the

P +
problem ([ ) :
0

Let us now prove the following

Theorem 3. The vector-function U =(U1,U2 )T which minimizes the functional

P +
(10) is a proper vector-function of problem ([ ) if the condition (13) is fulfilled.

0

Proof. Let minimization U (x) of the functional (10) satisfy condition (15). Let us

o +
show that the vector-function U = (Ul, U, )T is a solution of the problem (1 ) .

0

To this end let us consider the vector-function U (x)+8h(x), where € is an

. r . .
arbitrary real scalar constant, and h=(h|,hz) #0 is an arbitrary regular vector-

function in D" which satisfies the conditions

[L(@)h()] [ y)m)f;f—%ﬂ?o, yes. (15)

By elementary calculation we get (see (10) and (14))
2
(&)= 1(U + shov) = (U+¢h,v) H(U,v)+25ﬂ(U,h,v)+a; I(h,v)
H(U +¢h) H(U)+2eH(U,h)+&*H (h)

>o?, (16)
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where (see. (6) (8) and (12)

(U hv)= [ E(U.hv)dx, (17)
(U.h)= [ Undsx. (18)
D+

Now note that since ¢(8) function at £=0 attains minimum, therefore (D'(O) =0

and finally we have (see (16))

¢’(O)=2H(U,h,v)H(U)Z—H(U,V)H(U,h) —0, H(U) 0.
H*(U)
owing to (12) and (14) we get
I(U,h,v)=0"H(U.h). (19)
From (5) if V' = h, by virtue (1), (5), (17), (18) and (19) we obtain
I h (x) I:A(ax,v)U(x) + GZU(X)]d)C =0, (20)
o

Taking into account the fact that h(x) is an arbitrary regular vector-function in D"

therefore by (20) we can conclude that the vector-function U (x) is a solution of

equation (1) and satisfies condition (13)
Thus, Theorem 3 is valid

Finally note that owing to Theorem 3 and (14) formula we can conclude that if

U (x) represent minimizes vector-function of functional / (U ,v) (see (10) and (12)

o +
then 6° =1 (U , v) > 0 is minimal proper number of the problem ([ j .

0
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