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This paper deals with an efficient technique of iterative method of approximate solution
of basic boundary-contact problems. The splitting method with  convergence analysis is
developed. The tools applied in this development are based on singular integral equations,

the generalized Schwarz iterative method and Green's functions applications.
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Introduction. The various fields of modern science including engineering,
biomechanics and mathematics industry are oriented on relevant mathematical modeling
approach and applications.

The purpose of this work is to develop techniques for dealing with successive
approximation that will allow us to solve basic boundary-contact problems (BBCP)
(Chumburidze, Lekveishvili 2017, Kupradze, et al. 1983) of partial differential
equations (PDEs). Investigation of BBCP is splited by iteration solutions of boundary-
value problems for out and in areas.

We provide infinite and finite domains of two-dimensional isotropic inhomogeneous
elastic media with inclusion of several elastic materials and mixed contact conditions
when stresses components and displacement components are given on the surface of
Holder class (Evans 1998). The boundary integral methods in combination with the
generalized Schwarz iterative (Tarek Poonithara Abraham Mathew 2008) method and
Greens functions applications (Chumburidze, Lekveishvili 2014, Chumburidze 2016,
Chumburidze 2014) are applied.

Statement Problem. In this section BBCP theory of elasticity has been

considered. R? is two-dimensional Euclidean space, x = (x1,%3),y = (¥1,V2)
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points of this space.The static system of PDEs of classical theory of elasticity for
two-dimensional isotropic inhomogeneous elastic materials has the form
(Chumburidze 2016, Kupradze, et al. 1983):

A(0x, 1, Dulx) = f(x)
Where A(0x, 1, 1) = ||Al- i (0x,1,14) ||2X2, - matrix of differential operator.

where Al-j(ax, W, /1) = 611

- a;x], ij =12,
u = (uyq, Uy)- is the displacement vector.

Statement problem. It is required to find solution u(x) of BBCP theory of
elasticity satisfy the following conditions:

Vx € D, r=1,2: AP (@x)u®(x) = FP(x)
VyeSeLy(a),a>0 {u®m} ={u@@)
{TW @y, uW )} = {T® @y, Mu® () }-

and the radiation conditions in infinite domain.
Where D; = {x = (x1,x,)€R?, x? + x2 < 1?2}, D, = {x = (x1,x,)€R?, x? +
x5 > 1%},
S ={x = (x1,x,)€eR?, x? +x3 =12} € Ay(a),a > 0— Lyapunov curve of
Holder class (Chumburidze 2016, Evans 1998),
where | — given number. AM(9x) = A(0x, u,, A,), TP Ay, n) =
T3y, by, A1) =
tensor of stress:

T(ay' H:ln) = ” (ay' w4, n)||3><3

Tij(0y, w4, n) = lnl(y) +un,(y) j=12;

i ]IJ' a ( )
n(y) - is the unit normal vector to the surface S at the point y outward with

respect to D, u® = (ugr),ugr))— is the displacement vector,

iy, A, are constants of elasticity of D" domains, @ = (£, ") €
C%%(D,) N CY*(D,),a > 0- are a given vectors.
Let us consider Koshy’s hypotheses (Kupradze, et al. 1983) described in the

following conditions:
K2 H1
PR where u, < U, (2)
Taking into account (2) the following dependencies are obtaining:

AD(ox) = %A(Z)(ax), T (9x,n) = %T@)(ax, n) (3)
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Existence and uniqueness solution of (1) problem have been proved in
(Chumburidze, Lekveishvili 2017, Kupradze, et al. 1983, Chumburidze 2014).

Solution problem. In this section iterative method to generate a sequence of
improving approximate solutions for (1) problem has been wused. The
iterations are derived from the solve of Neumann’s and Dirichlet’s problems
(Cheng A.H.D., Cheng D.T. 2005, Taylor 2011) in the following order:
u(12) —solution of Neumann problem (Chumburidze, Lekveishvili 2014, Chumburidze
2014):

AD@x)uP (x) = f@(x),x € D, (©)
r®@y,mu? ) =0yes
—solution of Dirichlet problem [1,7]:
AW 05" () = FD (0, x € D,y 7)
wP o = wPonyes

Let us represent solutions in Greens tensors correspondingly:

a0 = [GO =) ()

() =2 [ GO OOl [l ern6 )] b 0 s

Where G(2)(y—x) and G(l)(y—x) are Green’s tensors defined for (6) and (7)

problems correspondingly and they are represented explicitly in terms of the
elementary functions (Chumburidze, Lekveishvili 2014, Kupradze, et al. 1983,

ud

Chumburidze 2014). Define vectors ux (k=1...n) an initial value uo=0 as an iterative
solutions of the following problems correspondingly:
Neumann boundary value problem:

AP (0x)uP) (x) = F@(x),x € D, 4)

@@y, ) = rO@ymu’ 0}y €S
Dirichlet boundary value problem:
AV, (1) = FD (), x € Dy 5)

k+1
e O =Wy yes
Consider the sum:

Zz}:l Vi) Vg = U — Ug—1, k=1 (8)
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To investigate this more carefully, the sum of series represented in (8) must be
estimated. Are there conditions of convergence of the (8) series? This is the main
problem discussed in this section.
It is common to prove the convergence of the (8) series.
Indeed v, is solution of the following problems:
Neumann boundary value problem:
AP @0)rP (x) = f@(x),x € D,
r@@y,mr ) =0, yes ©)
Dirichlet boundary value problem:
AD @) (x) = FO(x),x € D,
GOy =Py yes (10)
For k > 1with respect to v, we have:
A(r)(ax)v,gr)(x) =0,x€D,,r=12

and boundary-contact conditions as follows:
L0 = P -u®,0)) =P} - P o))
=0} -~} =

(P -uP,0} =P} yes (11
{r®@y, P} =@ @y,nE? ) -u?, 0Ny =
@@y, @) - —{r@eymu@,0) = [rO0eymu® o) -
{roey, n)u(” 0] == TOEymuL,0) - uL,oNy* =
{r® @y, nyv 2, M¥y €S, (12)

vk)(x)(k >1,r=12) can be expressed in Greens tensors Gr(r)(z, X)
correspondingly
for domains D,,r = 1,2. Take in account of (11) and (12) the following

representation will be obtained:

v,gl)(x) = —%I[T(l)(az, n)Gl(l)(z, x)],{v,gl) (z)}+dZS =

= 1 [r®@zm6P @ )| (12 @) d,5.x € D, (13)
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w20 =5 [ 6P En{r@ @m0 ds =

1 +
== f 62 @{T® @y, v, 1)} dys
x € D,. (14)

We can evaluate the limit in (14) when D;3x—>ZzZ€S:

+
2@} =3/ 6P @{r®@y v, 00} dys. (15)
Take in account (15) then (13) get to the following form:
v,((l) x) =

L1061 0] 62T @y, e )} dys]d,s-

= ——f U T(l)(az n)G(l)(Z x)] G(z)(Z y)d, 5] T (ay, n)v(l) (3’)}+dy5

Using the symmetry properties of Green tensors (Kupradze, et al. 1983,
Chumburidze 2014) the Gz(z)(z, x) function by Gz(l)(z, x) function has been instead:

[[r®@nm6? G 0] 626 d,s = 6826 = =65

Where x*(x7,x5) € D; point is symmetry to x = (X1,X,) € D, with respect to § —
circle, Gz(l) (z,x) — Second tensor of Green for D; domain, GZ(Z) (z, x) —second tensor of
Green for D, domain.

Therefore, following result will be obtained:

+
v =3[ PP @y v 0} 4y =By )
Let us take the limits in (16):
Lim v 00 v (@ Lim vl () v ()
19X

Dy3x—2z€S
Which means convergence of the (8) series on the S- boundary.

Therefor advantages of Dirichlet problem verify convergence of the (8)
series everywhere on the region of RZ.

Conclusion. Thus, in article a new method to construct of approximate
solutions has been verified.
Convergence series of iterative solutions of BCPTE by using splitting method

have been proved. Schwarz series analysis of infinite and finite domains
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including several elastic materials have been presented. Justification that Green’s
tensors can be used to improve the efficiency and accuracy in computing the
numerical solutions in assumptions that surfaces of materials are sufficiently smooth
has been proposed. As a result, it is shown that the approximate method is reliable
for obtaining effective solutions (explicitly) of boundary-contact problems. This
method can be used for mixed boundary-contact problems of statics and oscillation
theory in the case of inhomogeneous and isotropic bodies.
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93530 §96gmmol Labgedfonm wbogg®lodgdo
J9050L0, LadoMmzgwm

bAo@0s30 3sbbogreemos 80sbermgdomo s8mblibgdol s3900L 0B 9esz0wewo d9nm©o
3Mobol  (H96bVmM9dolL  a5s0my969000. ©LIBdMMYdIEP0s G@I  3eobol  B9bbmmo
090de98s 35809969899¢r 04bsl s0mEsbol s0mbsblbol Hsgobo Yli® HomgbmdHog
099355905005 33608300l Bobsgds. 33¢0930L m809JAL HsG8moagbl doGomso

bogmbBsgdm 580356980. 33¢0935 953996905 0bBIFMHSC®H asbBMEMBIS Fgormol,
300bob H96BmE980bs s 30HgbiE0ss 09000e9db.

U53356dm bo@gzgd0. dosberm9gdomo sdmblibgdo; 3Hobol Hgbbmeo; bazmb®odd™
38m@3sbgdo.

Bgbogsmo. obaglbo  BHgdbmemyom®o  dowfigggdo  3bosymngb, ®md
393609Mgdol  Lbgoslbgs  d0doMmvyengdoll  otaqddo, oo  dmMol

065069600580, 99gobogols s Bomgdo@ozn®  0bMbBHMmosdo  »Imagzmgl
3OMdEgdoly FoMdmoagbli  93m36900L  ImgoMgdols s oo
2390509393H0L  9BIIGHMM0  5EaMmG0mIgool  Ggdwdsggdols  3gommgdo.
SMLYdMBOL Foobarmgdomo 53mbLBYdOL 53900l Lbgsaligs s3MmdLodsz0gdo,
OMIWgdoE3  gMmBobgmologsh  goblibgeggdosd  sdmbBablibols  s39d0l
LEMoGHIF0O0M © LOBNUEHO®.  5JE¥IOEMH0s 533560l Josbermadomo
53mbsbLBOL 9539dBHVIM0 SWAMMOMIGOOL 53905, MOE 30MEI30M 35380MT0s
59mbBabliBol LE®mwydEHmEmol LodstMEHo39Lmb.

Bs3m Aol 0005356 d0bobl §om0mooy9bl 836 mglodsEools
5EMMOMIGOOL  gobbmYsgdo  dgomEgdol  33wg3zs s sboo
IB39JAHMIO0  IMPOGB03IS30900L  90mmazoHgds  Mobol  (3gbbmMgdols
259mygbgdom. 330930l MdOYIAL FoMImoagbl MYI9MBOL  MYGMMOOL
mMQo6BMIogd0sbo  LobsBgmHM-3mbEedBMo sdmEsbadols dmgargdo
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396¢O-0dgBHM0sbo s gMMAZMMZBo  0BMEBHOM3Mwo  FHomwo
569900L5mM30L  3MIoL 303MmmM Ol 30MHMBGBTO.

50m@sboll @mIMEWOoMdYdS. 535pm  doMomso  LlyBOgMM-
306350 58mEsbol dosbErmgdomo sdmblibgdo MY39MBOL MmO

3963MFo63MGdMgd0sh  OoxgMBE0sE  asbEmengdsms  J9dgA0
L3oG03wMH0 LobGgdoLsmM30U:

Vx €D, r=1,2: AP (@x)u® (x) = F (%)
Vy€eSeLy(wa>0: u®mit=u®@))"
{T® @y, yu® ¥t = {TP @y, nu? ()}~

95 358mbboggdol 306HMBYdOm MLsLOWEMdsTo.
Bsgosg, Dy = {x = (xq,x2)€R?, x? + x5 <1?}, D, ={x = (xy,x,)eR?, x{ +x% >
13,
S ={x = (x1,x2)€eR?, x% + x% =12} € Ay (@), @ > 0 —w05329630L Foto 3mem-
©960L 3mslols, Lssg | — dmEgdnao Gogbgos. AT (dx) = A(dx, uy, A,.),
A(0x, 1, 1) = ||A4;;(0x, u,A)”ZXZ, Apj(0x, 1, ) = §pA + (A + ) #;xj, i,j=12;

Ay(a)a>0,
T (dy,n) = T3y, ty, A1) — I5dZ0L Bg6BmGO, T(dy, W, A,n) =
\T:; @y, A n)||

9 9 o ..
Tij 0y, w A ) = A (V) 7=+ uy (V) 5=+ Sy~ Lj = 1.2 n() - 2969

J

3x3’

9OPIMM3550 B®swos S Bys3060olsdo y Ggt@Eowdo, u = (ugr), ugr))—
BOONOEFOWIBOL  ZIIHMB0, i, A — @BY9@MBOL BrjBoggdo, 1) =
K75 € 24Dy n €14(Dy), a > 0- Bogdrero 39ddm6-8rbogo.
69d0LdogeMo @ (x) BMBJE00L Bgbwrgs Drstybg 5036086mm ¢ ™ (x)-oom.

3m3dob 303mmgbob 3060MdYdT0:
Ha _ H1
L4 Lo, < iz
232930 8980930 GO mdydo:
11(0x) = %L(Z)(ax), T (9x,n) = Z—lT(Z) (0x, 1)
2 2

HMAMM3 30MdOWOos 53 58MEbIL, gosBbos gMHmEEIMMO 53mbsblibo. godmgmo
ol 809036 ™Md000 Josbermgdols dgmmEoo.
5009B5bLBOL 5390s. 59356 BosbEMgdS® 9300M® U=0 Gwbd30s. 300350
900893MmdOL uo, ul, U2, ..., Uk §93MHIO0 339 53700, 58 J0dIatIMdOL 990-
©9230 §9300 3963L5BWIOHM” OHmaMmEE 5dmbsblibo d30ga0 sdm3569d0L.:
6908560l sdmEsbs:

AD@ (@x0)uP) (x) = F@(x),x € D,
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r@@y,mud, ) = TPy’ M)y es
©OMObgls 53m3sbs:
AW 02U, 00 = FD (0, x € Dy
W O =, ).y €es
356396mm, H™3 53 Loboo s39dwgo 309EI3MMdS 3MYdSOs s JoLo B3MO U
LMo 5dm3560L 5dmMboblbos.
29630bomom dfatozo:

[ee]

S

k=1
Uos@ Vg = U — Ug—1,k = 1. 3b500005,1; §om3moygbl 998ga0 53mEsbgdols
58mbablibl
6903560l 53m3sbs:

AD@x)v? (x) = fD(x),x € D,

T @y,nrP (@)} =0,y€Ss
©OMObgl 5dm356s:

AW (0x)v P (x) = FO(x),x € D,

WOy = wPoyyes
by, OmEs k > 1 530594mxz0egdl 90H0a350MMm356 oBgMgbEoswvyt asb@m-
oLl
AM (ax)vlgr) (x)=0,x €D, 7 =1,2
005 L3MBESIBHM 30OHMBYdL

P =P o) -0} = P o)) - W)
=[P o} -2 o} =
(P -uZ,»} ={pP o} yes
{r®@y,mvP o} =Py aP o) -u, o)) =
= {r@@y,muP»} - {r®@ynu® o} =
= {0 @y,mu®, 0} - {r®@y,nu,0m} =

= Ty, w2, ) — w003 = TO@y,my L0ty €s,
300d350m k>1. MmamO3 36mdowos,
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v () = —% J [r®@zn)6P 0] pP @) d,s=
S

1 ! -
=3[ [rP@zme @] (sP@) dsxen,
5
530l dbMog,

1 -
W20 =3 [ 62 rO@nmuP 0} a4,
S

1 +
=3 [ 62 rown v o) 4,
S

x € D,.
Lo, Gl(l)(z, x) aM0bol 30MH39w0 BHgbbm®m0s D; - Bogd sGgLomzgol[], bmeom
G2 (x,y) - 36060l gy HbbmGO Dy 36y 5Glsm30b.
395653690 BHME®BIF0 2130 J BWIMBY OGmEs D, 3 x > z € S, d030-
©900

- 1 +
{v,&z)(z)} = E_f 62 (zy) {T(l) 0y, n)v,(cl_)l(y)}l d,S.
s
H0Iol gomgzoeolifobgdom Bog00gdm,

v,&l) (x)

1 '
= _Zf [T(l)(az, n)Gl(l)(z, x)] [f GZ(Z)(Z, y) {T(l)(ay, n)v,(cl_)l(y)}+ dysl d,S
S s

1 ! +
=—;[|] P @ame @] 6Py dzs] {ro@y, w0} dys

s s
2cm0obol IgmMyg GHobBmOOoL LodgEMHomwmmds  FMgfotmol Bodstmor a3sdegal 9g-

L5dangdEMdSL AMHOBOL dgmMg BHgbbmEMo oty s60lsM30L Fg33395wmm gMobol

39mMg BHgbbmMoo dogs sHobsmgzgol:

.f [T(l)(az, n)Gl(l)(Z, x)] Gz(z)(z, y)d,S = Géz)(x, y) = —62(1)(x*,y)

s
Looog Gz(l)(x*, ¥) 3060l 3gmg Bgbm®os Dy - Boas sGgLsmgzgol,x*(x1, x5) € Dy
0L x = (x1,%2) € Dy FaBBHowol LodgB®omwo FgHhEowo S — FOgfomol do-
05600.
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35306 LodMEWMME 30GOIMMDM:

vlil) x) = %f Gz(l) (x*,y) {T(l) 9y, n)v,((l_)1 (y)}+ d,S = t—:v,gl_)l (x)
s
o MBS 25005300090 BzaMDBY, HMEgLsE x B0oLfMIR30L LabivBwzmm z HoMEo-
@o0b539b, 35306 x*-03 doolfMoxzol 0ds3g z-0l3gb. Joowgds 3Mgdso Af3Mm0z0
H6H9P00%bg 05 HoRbsE oMobgl s3mEsbs 30MgdEEo sdmEsbss, 8f3M030
30905005 dmgan LodGMEY)HY.

3133365, 590050, 63MMTTo ILHBdMMYOW0S FObEMIdOMO 5dMbIBLBY-
B0l 53900l sbaeno gomao aMobol gbbmMgdols s 236Bmyswgdme 3H300g-
05 39MM00L 45dmygbgd0m, MMAEBMI0wwgd0sbo 39Mm3mM[otImgdmwgdosd o-
BIM90E0SNH bEHMMgdsms  LESG03Ho dmgmgdolmgol bslabugtm--
30bG59BH o 58mEsbgdolsmzol. gl Igmmegdo G9odwgds 2obBmysgdvw od-
Bsb bbgs dmgergdol 39dmbggasdog.

bdshos 08930985 33530 f9tg0¢rols bsbgerdfogse «bogzgmlbodgdol 8eksbdol
R5(3¢79800.
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