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n
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b
If* (s,x)ds =+, Gogs x>0,

506036 Loby M sMMBdLL gfimegds dgogMo cvy
b
Js“f*(s,x)ds=+oo,t4)m(35 x>0 s 1>0.

B396 3096 oabowo gdwgdgdo (1), (2) s8mEsbols sdmblbscmdol
dglobgd dmoEsgL gdmbgazal, MmEs (1) A9BEM@WYdIL MHMOMO (33EoOL
803 ¢ = a {jom@owdo 2558605 deogMo Lobymmastmds.
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u” (1) = 2(0) £ (6. (7, ()5 (7, (1)) ®)

o 4 :[a.b] —[0.1]. Bgdobdogmo Byzado Brbisoss.
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, 0@ a<t<b.
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293000 Bobg0s 7 :[a.b]—> ]0.+00] obgoo, Hmd

§ le=a)” p(s)
h dx | < ——=
exp _!- (n=h)! (%) <p(t),o’om35 a<s<t<b (5)
©>
p(s)qm(hl’ ” m)( )
y(t <9,,mps a<t=<b, (6)
( )I (5 () )
Logss
7, () =max {1.7,(1)....7, (1)},
079 2560 5dobo
J-p(s)ho (s)ds <+o0
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p(t) u" (t)| (1 g);(b)jp(s)ho(s)ds Omgs a<t<bh.

0906935 1-0bs s gds 1-0b Logmdzge by 33030
0906985 2. 300d350, [a, B[ XxR” 56980 LETI9ds MBS

SWAGEALAGE )
k=1
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|f(t,x1,..., ;
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(6) MBH™MEMdY00. 35806 (1), (2) 53mMEs6SL Qo5BB0S GO 5063 58Mbsblbo.
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89608365 1. 53 gm®9dsdo 306GMds O € ]0,1[ 565X MOGLIBIWOS S
030 56 990dwgds 90335¢mb oOH@dom &) =1.
09mgds 3. 300J30m,
7, (1)<t,6mgs a<t<b  (k=1,..,n) @)

o ]a, b[ xR" o980  LEMY@EIds  (8)  YBHME@Mds,  Loog

By 2a,b[ = 10,400 (k=1,....1n) 560b [a+ &,b] Brse0g080 0BEHYaMIB©O
8969430980 ym39wo Moa0bE 30609 ©I©IPIOMO & -m30L, bowe /i, s®ol
£ fmbom 0b3gaMgdso x3MbJ30s. 300d350 29M@s 3oLy dm0dgdbgds
me {1,...,72 —1} olgmo, ™I LEOEIdS (5) YYBHMEMDS S

J-p(s)qm (hl,...,hn)(s)ds<+oo, )

05906 (1), (2) 5935650 go5Bbos gm0 5063 5dmbsblibo.

39600365 2. 996009365 1-0L 250m (3boEOS, MM MY) IMMZIME0s (8)
306MMds, 3590b (6) 306MHMBOL TY(33¢s 56 FgodEgds (9) 3oOHMBO.

(1), (2) 98m3560L 53mMbsBLEOL SOLYdMBOLS S JOMSIMNMdOL Lszombo
OmEd T, (Z‘)El‘ (i=1,...,n) dgbfogaroenos (Agarwal, Kelevedjiev 2007;
Bobisud, O'Regan 1988; Kiguradze 1965; Kiguradze 1965a; Kiguradze 1975)
d6™390do. §Ox3030  ©OGIMIBE05MO  gob@memgdsms  LolEgdolsmzgol
Hmb0sbo 53mEsbs derog®o Lobyrsmmdom Iglfogwrowos (Kiguradze 2010;
Sokhadze 2011; Sokhadze 2016) 96dgd3do.

(1), (2) 90mEsbol Bbmgoghmo 3gMdm d9dmbggzolsmgol, sdmbsblbols
06@93momMo oMgdol godmygbgdom Tgbodergdgero bgds Lsobgobmm
3996mwmyom®o J0dsM0¥IEgd0m b35ILb3Zs 9GS ImHo 3MIMdrgdol
290050939@° (Sokhadze 2018).
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Let us consider the nonlinear functional-differential equation in the finite

interval [a, b] of the n-th order:

" (1) = 1 (tu(z, (1)) (7, (1)) (1)

By weighted initial conditions,
. (i-1) _ .
lim (p(1)u (1)) =0 (i=1,....n) , )
where the function f: ]a,b] xR *“ — R satisfies the Caratheodory’s local
conditions, T, :]a, b[ - ]a,b[ (i = 1,...,n) are the measurable functions,

while p: ]a, b] - ]0, +oo[ - is a continuous non-increasing function.

Note that /~ (#,x) = max {|f(t, Xpseees X, )| zn:|xl| < x} , when

i=1

b
a<t<b, x>0. From here on we mean that If* (s,x)ds<+oo, when

a

a<t<b,x>0.

Let us say that the equation (1) has singularity with respect to a time variable

b
at a point ifJ-f*(S,x)dS=+oo,when x>0.

b
The mentioned singularity is called strong if IS” Y (s. x) ds =+, when

x>0and u>0.

The statements (1) and (2) that we established on solvability of the problem
involve the case, when there is a strong singularity with respect to a time
variable at a point  =a.

Along with the expresson (1), let us consider auxiliary dofferential equation

" (1) = 2(0) £ (u(7, (1))t (2,(2))), 3)

where A : [a, b] — [0, 1] is any continuous function.

Theorem 1. (A priori Boundedness principle). Suppose that there can be

found such continuous function O: [a,b] - [0, +00[ that 0 (a) =0and for
every continuous function A :[a,b] —)[O,l] any solution to (3), (2) problem

satisfies the inequality
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p(t)

Then the problem (1), (2) has at least one solution.

u" (1) <5 (¢), when a <t <b

This theorem allows us to determine the effective and, in a sense, non-
improving conditions of solvability of the problem (1), (2). However, in order to

achieve this, we will need to further study the differential inequality

u (1)< kth (O (2, ()] + 1 (1) @

with (2) initial conditions.

The coefficients 4, :]a,b[ — [0, +oo[ (k = O,...,n) of inequality (4) are the
integrabl functions in the interval [a +¢&, b] , for every however small positive

& , while at the point a they genarally have non-integrable singularity.

For every m e {1, v I — 1} , let us introduce the operattor

m 7 (1) s—a n—k-1
qm(h,...,hn)(t):;(nfk(t) I( )

S|+
k_l)! t ,O(S)
n—k
n — h
(Tk (t) a) | k(t)| ,when a<t<b.

k=m+1 (n—k)!p(‘l'k (f))

The following is true

Lemma 1. Suppose that there exist m E{ } o, € ]0 1[ and the non-

increasing continuous function y : [a, b] - ]O, +oo[ such that the

exp(z-!'(?n az;' h, (x)dx]S'ZEg,when a<s<t<b (5)

and

" p(5)q, (B.-.h, ) (s)
O]

<9,,when a<t<bh, (6)

where 7, (t) = max {t,7,(¢).....7, (¢)} , if in addition to this

:[p(s)ho (s )ds < +o0,

then for every solution of the (4), (2) problem the following estimate is valid
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p ()| (2) sﬂj p(s)h (s)ds, when a<t<b.

(1-8)7(b):,
Based on Theorem 1 and Lemma 1, we shall prove

Theorem 2. Assume that in the range ]a,b[xD ", the following inequaliy

holds

5 ) < 3 (0 (0), @

where 7, :]a,b[—)]O, +oo[ (k =0,...,n) are the integrable functions in the
interval [a+ g, h] for the however small positive &, while 4, is a weighted
integrable function. Assume that in addition to this, there can be found
o, E]O,l[ and me{l,...,n—l} such that the inequalities (5) and (6) hold.
Then, the problem (1), (2) has at least one solution.

Remark 1. In this theorem the condition o € ]O,l[ is non-improving and it
cannot be changed by the condition J, =1.

Theorem 3. Let us assume that

t,(1)<t, a<t<b (k=1,...n) 8)

and the inequality (8) holds in the range ]a,b[xR", where
h, :]a,b[—)]0,+00[ (k =1,...,n) are the integrable function in the range
[a+8,b] for the every however small positive ¢, while /4, is a function
integrable by the weight o . Let us assume that in addition, there can be found

me {1, s — 1} such that the inequality (5) holds and

Jp(s)qm (Aseeshy)(s)ds <400, )

Then, the problem (1), (2) has at least one solution.

Remark 2. Due to Remark 1, it is clear that if the condition (8) is not met,
then the condition (6) cannot be changed by the condition (9).

The question of the existence and uniqueness of solving the (1), (2) problem
when 7, (t) =t (i =1,..., n)was studied in (Agarwal, Kelevedjiev 2007;
Bobisud, O'Regan 1988; Kiguradze 1965; Kiguradze 1965a; Kiguradze 1975)

papers. The weighted problem for a system of linear differential equations with
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strong singularity was studied in (Kiguradze 2010; Sokhadze 2011; Sokhadze
2016) papers.

For some particular cases of the (1), (2) problem, it becomes possible to solve
various current problems in the area of engineering technology by means of the
integral curves of the solution (Sokhadze 2018).
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