03040 BIMANNINL LULITRIBNBM IJBN3IGLOSISOL AOIBI, 2022, Nel(19)

365¢gwobo
de05837-%9MD580560L 356MmboM®o 65865g¢mols
H9b6996305¢ M0 Brg®ol dglisbgd
8000 0)mgdy
giorgi.tetvadze@atsu.edu.ge
@WOo 0)og5dY
00 ?gsermdy

33530 96090l Labgadfonm «mbogg®lodgdo
g0, Lodoomggwm

6536™3830 ©s©AI6E0s Lo3BsG0LO 30MHMBYdO 030Ls, MM dEX05F3Y - XJMdsT0sbol
396mB03m6 553Gzl 2595Bbl 5653bgd0M0 964 (BsbybEosw®mo Brgtgdo.

33356002 boBygzgdo: VsLEXIE 658GsZem0, Ber05839-x)HB580560L 356mbOIGHO
b59653¢00, 37900bGH0, BSOSO O B3639b305IHO BO3MYdO.

3bsfyolido Fgam3z00mm BMA0gMmO 50b0d30s o A9BToMEHGds:
C - 3m33egdlme MoEbgms 39e0o.
D = {z:|z| < 1,z € C} -9H0gm3s60 ©os §Og.
T = {z:]|z| = 1,z € C}- gHogem3zs60 FOHgfoto.
V(p(eie) — 3BHMEoL 3mbyg, g.0. e 090G006  Asdmbyemo ™o
JmtMom dgagboo 2¢ — b, Homgo 3mobg 0 < ¢ < g , ®M3WoLbm30LsE3
[0; €191 Goowlio BoligdBolss.

Ap(e,z) ={z:|z—e¥|<1-1r, 0<r<1,z€C}nVp(e?)—et

D@ 0wob bsdzmmbs dosdm.

M L0330l oa®m39d0L  FgdEHowado 5036086mm M'-0m8 bmenm
30bo Bs3g®3s - M = M U M'-00.

D350 0¥ 030 sOBYdMBL, BxdOLTOYMO @ -Lsmz0l 0 < @ < %

lim f(x) = lim f(2)
z—elf z5elf
z€V(el?)

Bmgds f 36d300L JMPbryGo LslisBgHm 8603369mmds etf FokEowdo,
bognm Begzsml
lirrll f(re®®) 9fmwgds f 39969300b Baosmimo begseo.
r-

0053939-X9M0580060L 396MmbB0 MM Bodtmoganly (xxepbanran, M. ...1948,
TerBagze, I'. ... 2021) 5J3L Lobg

156



8. mgozedg, m. ogmzadyg, 0. ogsmmdy

+ 00

P k
1—|a,|? 1(1-|a,|?
= Al | 1219l Z_ 2 [l
Bp(z (an)) = z ( 1-az )P\ Lr\1-az) )

Loosg A+1 @ p Bodudocnmtmo  Gosbggdos 0 < |a,| < lay4q] <
1, lim|a,|=1,]z| <1
n—-oo

+ 00 +0o0
D (A= lal)? =+, ) (1= lay)y"* < +oo
n=1 n=1

MUsbemn  Bsdogmwo  Bp(z, (ay)) 0bsdMmo @ HBLMENGHNMO©
3090505 9MGMEM3560 005 FMoL Joabom, Mol qodma 0go Fodmoaqbl
9b65@0Be 53MbJiosl D -do, Bryengdom

0,0,..0,a; ay, ... ap,...
2

0¢) 3m3930s f:D = € 13mbJios s 099 s®LgdMBL Lalitmo BzsMO,
®mgs z - e¥olg,Hmd

z€ R(m,0,y) = {z:1—|z| > m|arg(ze™")|,z € D}
bssg -—m<argze @ <mm Bgdobdogho ©s ¥  -80odlocgdeeo
©OYB00  M0Eb3gd0s gfim@gds T, Gobagbaosm®o bugsMo s slg
500b0dbgds
T, lim f(2).

z—el®

3bmdoos (Lowater A.L, ..., 1957), 03 Ty 56gdmdL 95906 s Ibmanm
35306, MHmEs sMLYIMOL FMMbMMO BMgsM0; Jog™Med MmEs ¥ > 1 3mombw®mo
DO3MOL  SOLYOMIOEIB 56 go8MIEOBsMgRL T,  BEZMOL  SOLYdIMDS.
5OLYOIMBL dE059398 Bs3Ms30 OMIJLSE 5 QosBBos T, (¥ > 1) BngsMo

5639000 e GamBHowdo. 3otmd (Cargo G.T., ... , 1963) ©@s99B30GEd, BH™I
0

+00

Zl._—lanl<+oo, y =1, )

n=1| eld — anly

85806 Bd0s339l B33l elf GgmEomdo sl T, -B0g3s60, b
d05339L 6530530l k Mool GoMBmgdmwl T 2k ~B035M0, Hmas 2k <.

3OmESLds (Protas D., ..., 1971) 55933039, ™A (1) 30MHMds 1s3d56M0L0s
080LsmM30L, B deE0sd3gL B3zl k Goaols Fo®dmgdeanls Jmbogl e
PooGH08o Ty /(k+1) DQIIOO, O3k —1 < y.

d390moe  Bggb  gobgobowisgm  sbocwmaom®  Logombgdl  den0sd3g-
X9Od580560L 3obMmbo Mo BsdMs3e0lsm30U.

090935 1.300J300 0 < |ay| < |ap41] < 1,71i£130|an| =1,|z| <1,

157



03040 BIMANNINL LULITRIBNBM IJBN3IGLOSISOL AOIBI, 2022, Nel(19)

+00 +oo
D d=lanh? =400, D (1=lahP* < +oo
n=1 n=1

P - B5@G®oemeo Mobgos.
0¥ 5039 Y = 1 MHogbgolamgol

+oo

D el 1 @
=1 Ieie - anly

35806 Bcm05339-X9HD5F0s60L JoBmBoM® Bsdcagml e FamBHowdo gl T,
A96296305@Mm0 D360, 535LS6

T, Zl_i)gile Bp+1(2, (a5)) = Bpas (ew' (an)) # 0, +oo.
059(3)303905: M50,
1_|an| _1_|ane_i9| 1_|a-n|2 _1_|a-ne_i‘9|2

le® — ay|  |1—ane™®| 1—-aze®z 1— ge9z’

5303 M3, DMv™d0L g HBOMOZ5 F9a30d¢05 Bsgm35cmm, Mmd 8 = 0,
9.0. (1)-0 3000gdL Labgls

594996 30 gboos, e = 1. 8s8sl5sdg, B3b “Bs ©359BI0EMM, B
SR

+00

P+1
z 1olanl Vo (3)
|1 - anly .
n=1

30639 G030 358396Mmm, HMP v LEOWEYds (2), BF0b 59930egdMs

to P+1

z 1= lanl < 400 4)
\larga, |

n=

(3)-b 3LLIBHZOEIOMO©  30LOMYGOM®M  LBobodEHo  FgmmEom
(Gargo G.T,, .... 1962).

QoI350

+o P+1

1- Ianl

—___n = . 5
z <|argan|7> oo ®)
n=1

5 3956396Mmm, MHMA 53 Igdmnbzg3z5d0

i 1— Ianl P+1
|1 - anly
n=1
o K= {z: |z—1| <22 } 85806 dovbgsgo 08ols X% (1 — |a, )P <

+00 2399690
+00 P+1
Z 1 _l nI = +oo.
£ larga,|”

158



8. mgozedg, m. ogmzadyg, 0. ogsmmdy

39630bomm g—ob Amwo  3nobg  f3ghmmo z=1  §odGowdo,
OmIobomgolsg  [0,1] dolLgd@®obss. oy gl 3Mmbg dgogegt K -8o
Bmm53L9dMo (a,) 4% 808H3OMIOL MLSLEME@ G>MEYb@dL, 35306
1- |an| > |1 - anP’ 272,
1— p+l 3(p+1)
|| L -2t
|1 - anly

o 3595L55d9 SBYMO Ay -OLEMZOL

+ P+1

E 1- Ianl
_— = 400,
|1 - anly

n=1

M 53 31mbol doabom 3gds®mgmdlL a,-ol LMo GomEgbmds, dsdob
z = 1 H6G0E0©sb Ap-B9 350535¢0 M50MLBY 5939090 FoMICIMdOL

Lbog™dg 5036086mm P,-om. gbsos B, < |arga,| o Prn > cos G),

[1-apl
54956
|1 - anl < Pn\/7 < |arg anl\/ia

y(p+1)
11— a, [PV < |arg a, |V P27z,

p+1
(1—|an| )”*1 > (=l
[1—an|¥ Ja

larg a,|¥22

0595L50050d9

z (1_|a"| )p+1 = 400
an€K |1_an|-y .

3009090 obssmdgamds 59(330390L, Hmd

+ P+1
Z\jarga, | |
0b0ob mym®gdol dsecrom (Knopp K., ... , 1947) s6LgdmdL obgoo (W) =1
900930™ds 0 < wy, < 1, limwy, = 0, ®™3
n—-oo

1_|an|p+1

wnplarg an|y(p+1)

Yayek < +oo. (7)

300J35m
Sp ={z:1z — a,| < wylarg a,|YP*V} (8)
o)z € D\ UfZ,, Sn, 85806

<1 —~ |an|2>”“ B ((1 +la, N1 — |an|>>"“ -

1 —a,z| 1 —a,z|
2(1 = la, D\ [la,— 2zl \PT _ 2P*(1 — |a, )Pt
|an_Z| |1_anzl |an_Z|p+1
p+1 — p+1
M <g< 1. (9)

~ wplarg an|V(P+1)

159



03040 BIMANNINL LULITRIBNBM IJBN3IGLOSISOL AOIBI, 2022, Nel(19)

5036086mm

p k
_ 1_|an|2 1 1_|an|2
A"(Z)_<1_1—— @ ) P kZ_lz T-az) )

Bp 112 (2 (an)) = 77 ]_[An(z) © Bpy12(% (a)) = ]_[ An(@).
n=ny+1
59 506033690056 dogz00gdm
Bp11(2 (@n)) = Bp11,1(2 (an)) * Bpy1,2(2 (an)),

5050096, 3boos, Bpi11(2 (an)) MFy3900 BNBEJg09s D-8o. s80@™a,
09690l ©593HI03EJ00LIMZ0L Bs3dsMOLOs 3ohgzgbmm, HMA

Ty Ll_l}} BP+1,2(Z» (an)) = BP+1,2(1, (an))- (10)
5300B0M® WMYSOHO0MIME0 36300l Fmoegsdo 9608369cmds Inw =
Inlw| + iargw, - < argw <7 , (9)-L dsewom

p k
1_|an|2 1 1_|an|2
‘“An@-‘“(l‘l-— )t i \Tm e

k=1
B z 1 <1 - |an|2>p+1_
k=P+1k 1-a,z
5996
1-|a,|?
Byonale, () = o S M5l L) an
9)-L dbqpom ﬁ)meo z €D\ USZ, 4150 6030Q360)
Z z (1_|an|2> z Z <1_|an|2>
n=ng+1k=P+1 1- n? n=ng+1k= P+1 |1—anz|
P+1
+00 1- |an|2 +00 o\ P+1
1—a,z]| 1 1—agl
) S e <iog 2 \imay) <
2 T i-lal 1-q 2 \TT-mr) S
n=ngy |1 — a_nZI n=ng
1-|an2\ ! 2P (1-|ay )P
_Zn =ny+1 ( |1—a,]| ) =< _Zn =No y,larg anl‘y(p+1) (12)

(7) s (12) dseroon 8636)030

z z <1 - |an|2)
n=ng+1k=P+1 1= anz
®oBodMIQ > VOB 3OPsos  z€ D \UFZ, S,-by o
Bpi12(z (an)) @d B8585b5sdy Bp41(z, (an)) 05650 o

SMBOEMAYO© 3OYd30s D\ UpZ,, Sn -by.

160



8. mgozedg, m. ogmzadyg, 0. ogsmmdy

LEoBosdo (Cargo G.< ... < 1962) ©o9BH30300M0s obgmo 1y -
BoaBOOsmamo  Goabgol  sOlgdmds, ®md  R(m,0,y)cD \ Ui, S

35995339 Bpy1(2z,(ay))  0B0Ms@ @5 SBLOMMEBHMOID IO
R(m,0,y)-%g.
5830036 7, lim Bp+1(2 (an)) = Bry1(1, (a)-
VAd

09MEH935 5IBHI0GEIO0S.

@OoBIHGHOS

Corgo, G.T. 1962: ,,Angular and tangential limits of Bloshke products and tier
successive derivative“, Vanad. I. Math. 14, 1962: 334-348.

Knopp, K. 1947. Theory and application of analite series. 2" English ed.; New
York.

Lowater A.J. and Piranian G. 1987. ,,The boundary behavior of functions analytiv
in a disk“. Ann. Acad. Sci. Fenn. Ser. A. J. 239, 1987.

Protas, D. 1971. , Tangential limits of Blashke Products and Functions of Bounded
charatteristic“. Arch. Math. 22, #6, 1971: 633-641.

Tetvadze, G. Tetvadze, 1. Tsibadze, 1. 2021. ,On boundary properties of the
boundary values of Blishke-Djerbashyan Canonical product®. Bulletin of the
ATSU, #2(18), 2021.

oxepbauran, M. M. 1945. ,,0 xkaHOHHYECKOM NIpeACTaBIEHUN MEPOMOP()HBIX B
eguHCTBeHHOM Kpyre pyHkuun‘. Apmaackuii CCP 3, N1, 1945: 3-9.

161



03040 BIMANNINL LUKITIBNBM IJBN3IGLOSISOL AOIBI, 2022, Nel(19)

Analysis
On tangential limit of Bliashke-Djerbashyan
Canonical product
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The paper establishes sufficient conditions for Bliashke-Djerbashyan Canonical
product, in order to have tangential values.

Keywords: Infinite product, Canonical product of Blaschke-Djerbashyan, Angular,
Radial, and tangential values.

For the beginning, we have some definitions:
C - the Field of complex numbers.
D = {z:|z| < 1,z € C} - Unit open disk.
T= {z : |z‘ =1, zel] } - Unit Circle.

Vo (e'%) — Stolz Angle, is an angle equal to 2¢,0 < ¢ < 7/2 and is formed by
two chords that come out of the point e radius [0; ew] is bisector, 0 < @ <
/2.

Ago(ew,z) = {Z: |z - ei9| <l-r,0<r<l1,ze€ (C,} N V(p(eie) — triangular
neighborhood of the e point.

By M’ denote accumulation points of the set M and by M = M U M’ denote the
closure of the set M.

If exists limit for arbitrary @,0< ¢ <7/2
im ()= T ()
'EV ( )
is angular boundary value of the function f in e? point, and linll f (reie)is

radial limit of the function f.
Canonical product of Blaschke-Djerbashyan

T el (R (1= lal)
Bp(z (an)) =z g(l 1—an> kZlE(l_anZ> ’
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where A 4+ 1 and p natural numbers
0 < Ianl S Ian+1| < 11 llmlanl = 1: |Z| < 1
n—->oo

+00 +
D (1= lal)? = +00, ) (1= lay )"+ < +oo
n=1 n=1

Infinite product Bp(z, (a,)) is unifomly and absolutely convergent inside of the
open unit disk, and represents analytic function in D with zeros

O 0,..0,ay ay, ... ay ...
ﬂ.
If exists f: D — C function and exist finite limit, when z — et so that,

z€R(m,0,y) = {z:1—|z| = m|arg(ze™")| z € D}

where —mt < argze @ <mmis arbitrary and y is fixed positive number, T, is
tangential limit and is denoted by
TVZl_i,Z-le f(2).

As it is known, T only exists, when the angular limit exists. But when y >
1, existing of angular limit does not mean that T, exists. There is Blaschke
product, which does not have T,,(y > 1) limit in any e'® points. Cargo proced
that, if

Z 1~ la,| <400, Y21 (D
el =, =" V=D

then Blaschke product has T, limit in e? point, and k®* order derivative of
Blaschke product has Ty, /5 limit, when 2k <.
Protas proved that condition (1) is sufficient for k" order derivative of
Blaschke product to have T 5 limit in e®pount, when k —1 < y.

Theorem 1: Let 0 < |a,| < |a,+1| <1, 7{i_f)lolo|an| =1,]|z| <1,

+00 +o
D-lah =+, Y (1=-lahP* < +eo
n=1 n=1

p is natural number.
If for any y = 1 number

to P+1

Z Lol VU 2)
|ei9 - anly

n=1

then Blaschke-Djerbashyan canonical product has T, tangential limit in the e

point, and
Ty Zl_igilg BP+1(Z' (an)) = Bp+1 (eie, (an)) # 0, +oo.
Proof: According to the following
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e — ay| |1—aye ™| 1-Te®z 1- g9z
Without loss of generality, we can assume that 8 = 0.

Obviously, e = 1. Therefore, we must prove that if

In order to prove (3) standard technique is used.

Suppose that,
to® P+1
1- Ianl
— = 5
2 (fergacy) == ©
n=1
and we should prove that
+o P+1
z 1- |an|
|1 - anly
n=1

1
IfK = {Z: lz -1l < 2_5}’ then though Y72, (1 — |a,[)P*! < +c0 we will have

+oo P+1
Z 1—layl
_— = +o00,
larga, Y
n=1
Consider the angle of measure g ith ists vertex at z = 1 point for which [0,1] is
the bisect. If this angle cointeins an infenite number of (an);fl interior in K

then
3
1- |an| > |1 - anly : 2_5,
1—Ja, | \** S 2_3(pz+1)
|1 - anly

And therefore, for such a,

+ P+1
Z 1—|ayl

|1 - anly
n=1

If only a finite number of a, in K are is the angle, let the P, be the
perpendicular distance from z =1 to the radious through a,. Therefore,

P, n
=a] > cos (4), o]
|1 —a,| < P2 <|arga,|V2,

y(p+1)
11— a,*®*D < Jarg a,|"P*02 72,

p+1
(1—|an| )p“ S [ —2=lanl
[1=an|Y /2 ’

larg an|’22

larg a,| and

Finally,
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The contradiction proves that
+ P+1
1- Ianl
larga,l7) =T ©
= gan
According to the Dini theorem exists (wy,)n=1 sequence 0 < w, <1, limw, =
n—o0o
0, such that
Y s ™)
o
y(p+1) '
aek wplarg ay|
Suppose,
Sp ={z:1z — ay| < wplarg a,|"P+Y}. (8)

If z € D\ UfZ,, Sn, then
+1 1
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|1_anZ| |1 _anzl
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P k
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A"(Z)_<1_1—a;z exp ZE 1—az) )

k=1

Denote,

ny +00
Bri1a (@) = 2| [ 4@ @ Bpaaz @) = || 4.
n=1

n=ng+1
According to the denotions

BP+1(Z» (Cln)) = Bp+11(2 (an)) * Bp112(2 (an)),
Therefore, Bp,j 1 (Z, (an)) is a continous function in D. So, in order to prove

the theorem, showing that
Ty ngll Bpy1 (Z' (an)) = Bpt1,2 (1: (an)) (10)
Is suficient.

Let us choose the main meaning of the logaritmic function Inw = In|w| +

iargw, —m < argw <, because of (9)

p k
1_|an|2 1 1_|an|2
‘“An@-‘“(l‘l-— Tt +kZ_ K \T= @z

Syl i
- k\1- a,z ’
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According to this

1 |an|z
Bp+12(Z (an)) =e Zn n0+12k p+1k(1 anz>

Because of (9) whenz € D\ U2 Zng+15n, We have

> Y ()

(11)

+0o0 oo

> Aalely
p\I1—a,z|

n=ng+1k=P+1 n=ng+1 k=P+1
2\ P+1
400 1 _ Ianl +0o0 2 p+1
Z 1—a,z| 1 z 1—|ayl
= < P E— <
n=ng+1 1——1_Ian|2 1_qn—n +1 11—l
e 1—-a,z| e
1-|an\ 2P*1 (1-|a, P
—Zn n0+1( —a_l) < —Zn =0 5 Targ a YT (12)

According to (7) and (12) followmg sequence

Z Z <1 - |an|2)
n=ng+1k=P+1 1= n?
is uniformly and absolutely convergent in z€ D \U}Z, ,Sn and
Bpi12(2 (ay)), and therefore Bpiq(z (a,)) is uniformly and absolutely
convergent in D \ Uy%, S,

In the article (Cargo G.< ... < 1962) is proven the existence of such natural
number n, that R(m,O, ]/)C]]_) \ U520, Sn- Therefore Bpy1(2 (an))
uniformly and absolutely convergent in R(m, 0,y). Additionally,

Ty Ll_l}} BP+1(Z' (an)) = BP+1(1: (an))-

The theorem is proved.
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